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Abstract We give a geometric interpretation of the Weil representation of the metaplectic 
group, placing it in the framework of the geometric Langlands program^_^ 

For a smooth projective curve X we introduce an algebraic stack Bun^ of metaplectic 
bundles on X . It also has a local version Grc, which is a gerbe over the affine grassmanian 
of G. We define a categorical version of the (nonramified) Hecke algebra of the metaplectic 
group. This is a category Sph(Gr(3) of certain perverse sheaves on Grgr, which act on BuUfj 
by Hecke operators. A version of the Satake equivalence is proved describing Sph(GrG) as a 
tensor category. Further, we construct a perverse sheaf on Bunfj corresponding to the Weil 
representation and show that it is a Hecke eigen-sheaf with respect to Sph(Gr(3). 

1. Introduction 

1.1 Historically ^-series (such as, in one variable, ^ ) have been one of the major methods of 
constructing automorphic forms. A representation-theoretic appoach to the theory of ^-series, as 
discoved by A. Weil [20] and extended by R. Howe ^21; is based on the oscillator representation 
of the metaplectic group (cf. ^H] for a recent survey). In this paper we propose a geometric 
interpretation of this representation (in the nonramified case) placing it in the framework of the 
geometric Langlands program. 

Let = be a finite field with q odd. Set K = k{{t)) and O = k\\t]\. Let denote 
the completed module of relative differentials of O over k. Let M be a free O-module of rank 
2n given with a nondegenerate symplectic form A^M — > It is known that the continuous 
H2(Sp(M)(i^),{±l})^Z/2Z ([E], 10.4). As §p(M)(ir) is a perfect group, the corresponding 
metaplectic extension 

1 ^ {±1} ^ €y>{M){K) Sp{M){K) 1 (1) 

is unique up to unique isomorphism. It can be constructed in two essentially different ways. 

Recall the classical construction of A. Weil ((SOI)- The Heisenberg group is H{M) = M © J7 
with operation 

1 

{mi,LOi){m2,0J2) = {mi + m2, uji + UJ2 + -{mi, 1712)) 

Fix a prime i that does not divide q. Let ^/^ : /c ^ Q| be a nontrivial additive character. Let 
X '■ i^{K) — > be given by x{^) = ■0(R'6su;). By the Stone and Von Neumann theorem ( 18] ) , 
there is a unique (up to isomorphism) smooth irreducible representation {p,S^) of H{M){K) 
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over Qi with central character x- The group Sp(M) acts on H{M) by group automorphisms 
(m,cj) ^ {gm,uj) This gives rise to the group 

^{M){K) = {{9,M[g]) I g e Sp(M)(K), M[g] G Aut5^ 

p{gm,uj) o M[fi(] = M[5-] o /9(m,cj) for (m,cj) G if(M)(E:)} 

The group Sp{Ad){K) is an extension of Sp{M){K) by Q|. Its commutator subgroup is an 
extension of Sp{M){K) by {±1} ^ uniquely isomorphic to (Q). 

Another way is via Kac- Moody groups. Namely, view Sp{M){K) as an ind-scheme over k. 

Let 

1 ^ G„ ^Sp(M)(K) ^Sp(M)(K) ^ 1 (2) 

denote the canonical extension, here Sp{M){K) is an ind-scheme over k (cf. JOl)- Passing to 
fc-points we get an extension of abstract groups 1 — > A;* — > Sp{M){K) Sp{M){K) — > 1. Then 
is the push-forward of this extension under k* — > k* /{k*)"^. 

The second construction underlies one of our main results, the tannakian description of the 
Langlands dual to the metaplectic group. Namely, the canonical splitting of ((2)) over Sp(M)(C') 
yields a splitting of over Sp(M)(C'). Consider the Hecke algebra 

W = {/ : Sp(M)(0)\sB(M)(K)/Sp(M)(0) ^ I /(z(-l)ff) = 9 G Sp(M)(i^); 

/ is of compact support} 

The product is convolution, defined using the Haar measure on Sp(M)(i^) for which the inverse 
image of Sp(M)(0) has volume 1. 

Set G = Sp(M). Let G denote Sp2„ viewed as an algebraic group over Q^. Let Rep(G') denote 
the category of finite-dimensional representations of G. Write K{Kep{G)) for the Grothendieck 
ring of Rep(G') over Q^. There is a canonical isomorphism of Q^-algebras 

H^K(Rep(G)) 

Actually, a categorical version of this isomorphism is proved. Consider the affine grassmanian 
Grc = G{K)/G{0), viewed as an ind-scheme over k. Let W denote the nontrivial £-adic local 
system of rank one on Gm corresponding to the covering G^^^ — > Gjt^,, x i — > x . Denote by 
Sph(GrG') the category of G(C')-equi variant perverse sheaves on G{K)/G{0), which are also 
(Gm, VF)-equivariant. Here Grc denotes the stack quotient of G{K) by G^ with respect to the 
action g x'^g, x S Gm,g S G{K). Actually, Sph(GrG) is a full subcategory of the category of 
perverse sheaves on Gr^. 

Assuming for simplicity k algebraically closed, we equip Sph(GrG') with the structure of a 
rigid tensor category. We establish a canonical equivalence of tensor categories 

Sph(GrG) ^ Rep(G') 
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1.2 In the global setting let X be a smooth projective curve over k. Let G denote the sheaf of 
automorphisms of © Jl" (now is the canonical line bundle on X) preserving the symplectic 
form A^(0^ © $7") The stack Bun^ of G-bundles (=G-torsors) on X classifies vector 

bundles M of rank 2n on X, given with a nondegenerate symplectic form A^M — > Q. We 
introduce an algebraic stack Bunc of metaplectic bundles on X. The stack Gtg is a local 
version of Bunc. The category Sph(GrG) acts on D(BunG) by Hecke operators. 

We construct a perverse sheaf Aut on Bunc, a geometric analog of the Weil representation. 
We calculate the fibres of Aut and its constant terms for maximal parabolic subgroups of G. 
Finally, we argue that Aut is a Hecke eigensheaf on Bun^ with eigenvalue 

St = Rr(p2"-1, Q,) Q,[l](l)®2-1 

viewed as a constant complex on X. Note that St is equipped with an action of SL2 of Arthur, 
the corresponding representation of SL2 is irreducible of dimension 2n and admits a unique, up to 
a multiple, symplectic form. One may imagine that Aut corresponds to a group homomorphism 
7ri(X) X SL2 G trivial on 7ri{X). This agrees with Arthur's conjectures. 

2. Weil representation and motivations 

2.1 Let X be a smooth projective absolutely irreducible curve over k = Fg, F = ¥q{X), A be 
the adeles rings of F, O C A be the entire adeles. Assume that q is odd. Fix a prime £ that 
does not divide q. Let il. denote the canonical line bundle on X. 

Let M be a 2n-dimensional vector space over F with symplectic form A^M Qp, where 
Oj? is the generic fibre of fl. The Heisenberg group H{M) = M (B i^F with operation 

{mi,uji){m2,uj2) = {'mi + m2, oji + UJ2 + ^{1^1,1112)) 

is algebraic over F. Fix a nontrivial additive character : Fg — > Q^. Then H{M){A) = 
M(A) © i7(A) admits a canonical central character x '■ ^{A)/Q{F) given by 

The Stone and Von Neumann theorem ( ) says that there is a unique (up to isomorphism) 
smooth irreducible representation (p,S^) of H(M){A) over with central character x- The 
group §p(M) acts on H{M) by group automorphisms (m, w) {gm, u). This defines the global 
metaplectic group^ 

§p{M){A) = {{g,M[g]) \ g G MM){A),M[g] G Aut5^ 

pigm,uj) o M[g] = M[g] o p{m,uj) for {m,uj) £ H{M){A)} 

^the notation §p(Af)(A) is ambiguous, these are not A-points of an algebraic group. 
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included into an exact sequence 

1 ^ ^ §p{M){A) Sp(M)(A) ^ 1 (3) 

The representation of Sp(M)(A) on is called the Weil (or oscillator) representation (j2nj). 

For a subgroup K C Sp(M)(A) write K for the preimage of K in Sp(M)(A). Since x is trivial 
on Qp, one may talk about i/(M)-invariant functionals on S^, they are called theta-functionals. 
The space of theta-functionals is 1-dimensional and preserved by Sp{M){F), so the action of 
Sp(M)(F) on this space defines a splitting of © over Sp(M)(F). 

View 

Funct(Sp(M)(F)\§p(M)(A)) = {/ : Sp(M)(F)\Sp(M)(A)) ^ Q,} 

as a representation of Sp(M)(A) by right translations. A theta- functional Q : ^ defines 
a morphism of Sp(M)(A)-modules 

Funct(Sp(Af)(F)\S]3(M)(A)) (4) 

sending (f> to 9^ given by 9^{g) = Q{g(t)) for g G Sp(M)(A). 

Now assume that M is actually a rank 2n vector bundle on X with symplectic form A^M — > 
n. Then we get the subgroups Sp(M)(C') C Sp(M)(A) and M{0) 9.{0) C H{M)(A). More- 
over, the space of M{0) © $7(0) -invariants in 5^ is 1-dimensional and preserved by Sp(M)(C'). 
The action of Sp(M)(C') on this space yields a splitting of © over Sp(M)(C'). If i;^o G 5^ is a 
nonzero M{0) © r2(C')-invariant vector then its image under @ is the classical theta-function 

/o : Sp(M)(F)\Sp(M)(A))/Sp(M)(0) ^ Q, 

that we are going to geometrize. 

Let G denote the sheaf of automorphisms of M preserving the form A^M il. This is a 
sheaf of groups (in flat topology) on X locally in Zarisky topology isomorphic to Sp2„- 

2.2 Assume M = V ® (V* © fi) is a direct sum of lagrangian subbundles, the form being given 
by the canonical pairing (., .) between V and V* . Let 

XV : ^(A) © 0(A) ^ Q,* 

denote the character xvi^-,^) = x{'^)- 

We have the subgroup V{K) C H{M){A). The space of y(A)-invariant functionals on 
is 1-dimensional. A choice of such functional identifies with the induced representation of 
(F(A) © i}{A),xv) to H{M){A). The latter identifies with the Schwarz space S(y* © f](A)) 
of locally constant compactly supported Q^- valued functions on V* © 0(A), the corresponding 
functional on S{V* © 0(A)) becomes the evaluation at zero ev : S{V* © 0(A)) Q^. This is 
the Schrodinger model of . 

Write g G Sp(M)(A) as a matrix 



4 



with a £ End(y)(A), b £ Rom{V* (g) Q, V){A), d e End(y*)(A), c e Hom(y, V* (g) n){A). Write 
a* for the transpose operator to a. 

The defined up to a scalar automorphism M[g] of S{V* (8) 0,{A)) is described as follows. 

• For a G GL(y)(A) we have ^ ^ J_i ^ G Sp(M)(A). Besides, J J ^ G Sp(M)(A) if 
and only if 6 G r2^-'^)(A) is symmetric. For g given by © with c = we have 

{M[g]f)iv*) = xi^iav*, b*v*))fia*v*), v*gV*<S) n{A) (6) 

• if 6 : n{A)^V{A) then 5 = J ^ G Sp(M)(A) and 

{M[g]f){v*)= f xi{v,v*))fib~\)dv, v*GV*<E,niA) (7) 
jy(A) 

for any Haar measure dv on y(A). 

Let P C G denote the Siegel parabolic subgroup preserving V. The subgroup P{A) preserves 
ev up to a multiple, so defining a splitting of © over P(A). This splitting coincides with the 
one given by (jH)). 

Let (po G (g) r2(A)) denote the characteristic function of V* (g) il(C'). Using © and 

one shows that (pQ generates the space of §p(M)(C')-invariants in S{V* il(A)). In this model 
of the theta functional Q : S{V* il(A)) Qi is given by 

Q{(f)) = 4,{v*) for (t> G S{V* ^ !^(A)) 

v*€V*^n{F) 

Let /o denote the image of (pQ under the corresponding map Q). Let us calculate the composition 
P{F)\P{A)/P{0) ^§p{M){F)\§p{M){A)/Sp{M){0) hq, 

denoted fp. We used the fact that the splittings of © over -P(A) and Sp{M){0) are compatible 
over P{0). 

Denote by Bun„ the fe-stack of rank n vector bundles on X. The set GL(y)(A)/ GL(y){0) 
naturally identifies with the isomorphism classes of pairs (L,a), where L G Bun„(A;) and a : 
L{F)'^V{F). Here L{F) is the generic fibre of L. 

Let a G GL(y)(A) and (L,a) be the pair attached to aGL(y)(C'). Then 

{v* eV*0 niF) I a*v* eV*0 niO)} ^ Hom(L, Q) (8) 

is an isomorphism. 
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The group P fits into an exact sequence 1 (Sym^ V) ® Q ^ ^ P ^ G'h{V) ^ 1 of 
algebraic groups over X. For g S i-'(A) we get 

/p(<7) = G(<7</.o) = E (50o)(t'*)= E x{\{a*v\h*v*))M<^*v*) = 

E X{\{s.ah*s)) 

seHom(L,Sl) 

in view of ©• 

Let Bunp be the fc-stack of P-bundles on X. Its ^-points for a scheme Y is the category of 
(y X X) Xx P-torsors over Y x X. Then Bunp classifies pairs L G Bun„ together with an exact 
sequence on X 

^ Sym^ L^? ^n^O (9) 

(More generally, for a semidirect product of group schemes 1 ^ U ^ P ^ AI ^ 1 providing 
a P-torsor J^p is equivalent to providing a M-torsor J^m and a C/jrj,^-torsor of isomorphisms 
lsom{J^ P , J^M Xm P) inducing a given one on the corresponding M-torsors). 

In view of the bijection P(F)\P(A)/P{0)^ Bunp(fc), the function fp on Bunp(fc) is de- 
scribed as follows. Let a P-torsor J^p G Bunp(A;) be given by L G Bun„(A;) together with ®. 
Consider the map q'^^ : Hom(L, $7) ^ /c sending s G Hom(L, Jl) to the pairing of 

s G Hom(Sym2L,J7®2) 

with the exact sequence ©■ Then 

fpi^p) = E ^ii^ns)) 

seHom(L,Q) 

The function fp : Bunp(fc) Qi is the trace of Frobenius of the following £-adic complex 
Sp^jp on Bunp. 

Let p : X ^ Bunp be the stack over Bunp with fibre Hom(L,J7). Let q : X ^ he the 
map sending s G Hom(L, 17) to the pairing of © with 

s G Hom(Sym2L,17®2) 

The geometric analog of fp is the complex Sp^^ = ®Q^[1](^)® on Bunp, here dim 

denotes the dimension of the corresponding connected component of X. 

3. Main results 

3.1 Notation From now on k denotes an algebraically closed field of characteristic p > 2, all 
the schemes (or stacks) we consider are defined over k. 
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Let X be a smooth projective connected curve. Write $7 for the canonical line bundle on 
X. Fix a prime i ^ p- For a scheme (or stack) S write D(S) for the bounded derived category 
of ^-adic etale sheaves on S, and P(5) C 0(5") for the category of perverse sheaves (the middle 
perversity function is always taken in absolut sense over Spec/c). 

Fix a nontrivial character -0 : Fp ^ and denote by the corresponding Artin-Shreier 
sheaf on A^. Fix a square root Qi{^) of the sheaf Qe{l) on SpecFg. Isomorphism classes of such 
correspond to square roots of q in Q^. Fix an inclusion of fields ¥q ^ k. 

If y — > 5 and V* ^ S are dual rank n vector bundles over a stack S, we normalize the 
Fourier trasform Four^ : D{V) B{V*) by Four^(i^) = {pv*)\{C^i> ®Py-f^)N(§)i where 
Pv,Pv* are the projections, and ^ : y X5 F* — > is the pairing. 

A G-torsor on a scheme S is also referred to as a G-bundle on S. Write Vect*^ for the tensor 
category of Z/2Z-graded vector spaces, our conventions about this category are those of (^). 
Write Vect C Vect*^ for its even component, i.e., the tensor category of vector spaces. 

3.1.1 The sheaf (in flat topology) on the category of fc-schemes represented by fi2 '■= Ker(a; 1— > 
x'^ : Grn — ^ Gm) IS the constant sheaf {±1}. 

For a scheme S and a line bundle ^ on 5 denote by S the following ^2-gerbe over S. For an 
5-scheme 5', the category of S"-points of S is the category of pairs {B, B^^A \s'), where B is 
a line bundle on S'. Note that S ^ S is etale. 

11 S ^ S admits a section given by invertible Os-module Bq together with Bq^ A then the 
gerbe is trivial, that is, S^B{n2/ S) over S. In this case we get the 52-covering Cov(S') — > S, 
whose fibre consists of isomorphisms B^Bq whose square is the given one B^^A. This covering 
is locally trivial in etale topology, but not trivial even for S = Spec/c. Actually S = Cov(5). 

3.1.2 If in addition ^ is a Z/2Z-graded line bundle on S purely of degree zero, then by definition 
S classifies a Z/2Z-graded line bundle B purely of degree zero, given with a Z/2Z-graded iso- 
morphism B^^A. If i3 is a Z/2Z-graded line bundle on S of pure degree (that is, placed in one 
degree only over each connected component) then a Z/2Z-graded isomorphism B'^^A yields a 
(uniquely defined) section of S. 

3.2 Let Bun„ be the stack of rank n vector bundles on X. Let G denote the sheaf of automor- 
phisms of © ri" preserving the symplectic form A^(C'^ © ri") — > ^l. So, G is a sheaf of groups 
in flat topology on the category of X-schemes. 

The stack Bunc of G-bundles on X classifies M £ Bun2n together with a symplectic form 
A^M Q,. This is a smooth algebraic stack locally of finite type over k. Since G is simply- 
connected, Buug is irreducible (0, 2.2.1). Let do = dimBunc = {g — l)dimsp2n. To express 
the dependence on n we write Gn, Bunc^, dc^ and so on. 

Denote by A the line bundle on Bunc whose fibre at M is detRr(X, M) (cf. (2j). As 
xiM) = 0, we view ^ as a Z/2Z-graded line bundle placed in degree zero. It yields a //2-gerbe 

r : Bunc Bun^ (10) 

So, S-points of Bunc is the category: a line bundle i3 on S*, a vector bundle M on Sx AT of rank 2n 
with symplectic form A^M Qgy^x/s^ ^^'^ isomorphism of O^-modules B^ ^ det Rr(A, M). 



7 



The idea of using the determinant of cohomology was communicated to me by G. Laumon 
and goes back to P. Dehgne |H]. 

Let i Bunc ^ Bung be the locaUy closed substack given by dimH°(X,M) = i. Let i Bun^ 
denote the preimage of » Bunc under r. 

Lemma 1. Each stratum j Bun^ o/Bunc is nonempty. 

Proof For n = 1 take M = A{D) © (A* © ^}{—D)), where D is an effective divisor of degree i 
on X, and „4 is a line bundle on X of degree g — 1 such that Il^{X,A) = }i^{X,A) = 0. Such 
A exist, because dimX*^^^^) = g — 1, and the dimension of the Picard scheme of X is g. Then 
dimH°(X,M) = i. 

For any n construct M G j Bun^ as M = Mi © ... © M„ with Mj G j^. Bun^j for some 
ii + . . . + in = i. □ 

We have a line bundle {B on j Bung whose fibre at M G Bunc is det ii^{X, M). View it as a 
Z/2Z-graded placed in degree dimH'^(X, M) modulo 2. Then for each i we get a Z/2Z-graded 
isomorphism iS"^^ A I^Bunc- By 3.1.2, the gerbe j Bunc — > iBun^ is trivial. So, we have the 
two-sheeted covering 

iP : Cov(jBunG) i Bun^ 

The line bundles iB (viewed as ungraded) do not glue into a line bundle over Bun^ (the gerbe 
r is nontrivial, because ^ is a generator of the Picard group Pic(BunG')^Z by [T?1]). 

Definition 1. For each i define a local system j Aut on jBunc by 

i Aut = Hom52(sign, ip\Qi) 

Let Autg G P(BunG) (resp., Autg G P(BunG')) denote the Goresky-MacPherson extension of 
Aut©Q4dG](^) (resp., of 1 Aut© Q£[dG - 1](^^)) under jBuuG --^ &unG. ^ Set 

Aut = Autg © Auts 

By construction, D(Aut)^ Aut canonically. 

Here is our main result. 

Theorem 1. For each i the ^-restriction Aut I identifies with 

AutLsTnc ^iAut©Q,[l](if'^«-, 

(once \/— T £ k is fixed, the corresponding isomorphism is well-defined up to a sign). The 
^-restriction of Autg (resp., of Autg) to j Bun^ vanishes for i odd (resp., even). 

^Here 'g' stands for generic and 's' for special. We postpone to Proposition |7| the proof of the fact that 1 Aut 
is a shifted perverse sheaf on 1 Bunc 
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Remark 1. Classicaly, for two symplectic spaces W, W' there is a natural map Sp(VF) xSp(Ty) — > 
Sp(VF © W), and the restriction of the metaplectic representation under this map is the tensor 
product of metaplectic representations of the factors ([^, Remark 2.7). 

In geometric setting we have a map Sn,m ■ Bunc^ x Bunc^ Bunc^^^ sending M, M' to 
M © M'. It extends to a map 

Sn,m ■■ BunG„ X BmiG^ ^ BunG„+„ 

sending {M,B,B^^ detRr{X, M)) and {W ,B' ,B'^^ detRr(X,M')) to 

{M®M',B(S)B',B^0B'^^ det Rr{X, M) © det Rr(X, M') ^ det Rr(X, M © M')) 

The restriction yields a map s„,m : i Bun^^ x j Bun^^ — > j+j Bun^^,^^ and we get canonically 
s^ „^{i+jB)^iBMjB. For any i,j this yields an isomorphism 

s* .^(j+j Aut) ^ i Aut Kl j Aut 
of local systems on j Bun^^ Xj Bun^^. Thus, 

s;,^ Autg ©Q4i](i)®^G„+dG™-dG„+„ ~ (Autg K Aut^) © (Aut, M Aut,) 

and 

s;,^ Aut, ©Q4l](^)®'^°"+^«-~'^«"+- ^(Autg K Aut,) © (Aut, K Aut,,) 

in the completed Grothendieck group K{BunGr, xBunc^) (the completion is with respect to 
the filtration given by the codimension of support). 

3.3 For 1 < k < n denote by Bunp^. the stack classifying M G Bun^ together with an isotropic 
subbundle Li C M of rank k. We write L_i C M for the orthogonal complement of Li, so a 
point of Bunpj. gives rise to a flag (Li C L_i C M), and G BunG^_^ naturally. 

Write ffc : Bunp^, — > Bun^ for the projection. Define the map 

i>fc : BunG„_j^ XBunG^_^ Bunp^^ Bunc 

as follows. An S-point of the source is given by (Li C L_i C M) £ Bunp^(5) together with a 
(Z/2Z-graded of pure degree zero ) invertible Os-module B and det Rr(X, L_i/Li). We 

have a canonical isomorphism of Z/2Z-graded lines 

detRr(X,Li) ©detRr(X,L_i/Li) ©detRr(X,Lj ©J7)^ detRr(X,M) (11) 

The map Uk sends this point to M € Bunc together with an invertible Os-module B' = B ® 
detRr(X,Li) and ^'2^ detRr(X,M) given by (HU). Since i3' is of pure degree as Z/2Z-graded, 
the map is well-defined by 3.1.2. 

Let Bung^. be the stack of collections: an exact sequence — > Li ^ L_i — > L_i/Li 
of vector bundles on X with Li G Bun^ and L_i/Li G Bun2„_2A;, and a symplectic form 
a2(L_i/Li) ^ n (thus, G BunG„_J. 

Let % : Bunpj, — > Bung^, denote the natural projection. Let Bung^. C Buuqj. be the open 
substack given by II°(X, Sym^ Li) = 0. 
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Theorem 2. For the diagram 



BunG„_fe XBunG„_, Bung, ^ BunG„_, XBunG^_^ Bunp, ^ Bunc 
we have an isomorphism 

(id X r?fc ) ! Aut ^ Aut MQe[b]{^) 

over BunG^_^ Xbuug Buiiq^ . ( Once £ k is fixed, the isomorphism is well-defined up to 

a sign on generic and special parts). Here b{Li) = do — dG^_f, — x{Li) + 2x{^~^ Sym^ Li) is 
a function of a connected component o/°BunQ^. If x{Li) is even then, over the corresponding 
connected component, the above isomorphism preserves generic and special parts, othewise it 
interchanges them. 

3.4 In Sect. 8.1 we consider the affine Grassmanian Gr^ for G, it is equipped with a natural hne 
bundle C that generates the Picard group of Gr^. Let Gr^ — > Gr^ denote the //2-gerbe of square 
roots of C This is a local version of the gerbe ^Tdji . We introduce the category Sph(GrG')^ of 
genuine spherical sheaves on Grc (cf. Definition 0] and E]) . 

As for usual spherical sheaves on the affine Grassmanian, we equip Sph(GrG')'' with a struc- 
ture of a rigid tensor category. Main result of Sect. 8 is the following version of the Satake 
equivalence. 

Theorem 3. The category Sph(GrG')'' is canonically equivalent, as a tensor category, to the 
category R,ep(Sp2n) of finite-dimensional Qi-representations o/Sp2„. 

In Sect. 9 we define for K £ Sph(GrG)^ Hecke operators R{K, •) : D(BunG) ^ D(X x Buug) 
compatible with the tensor structure on Sph(GrG')''. Finally, we prove Theorem 0] saying that 
Aut is a Hecke eigen-sheaf with eigenvalue 

St = Rr(p2«~l,Q^) Q41](1)®2-1 

viewed as a constant complex on X. 

4. Finite-dimensional model 

4.1 Let y be a A;- vector space of dimension d. Write ST'^{V*) for the space of symmetric tensors 
in V* (2)V*, this is the space of symmetric bilinear forms on V. Think of 5 G ST'^{V*) as a map 
b : V ^ V* such that b* = b. Let p : V x ST^{V*) ST^{V*) denote the projection. Let 
P -.V X ST'^iy*) Ai be the map that sends {v, b) to (u, bv). Set 

s^=p,p*c^(^^,[i]{]^r^+¥id+i) 

Let vr : y ^ Sym^ V be the map v ^ v ® v. Then 

S^ = YouT^{mMd]{^)) (12) 
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The map vr is finite, and vriQ^ = Cq + Ci, where Cq is the constant sheaf on the image Imvr of 
TT, and C\ is a nontrivial local system of rank one on ImTr — {0} extended by zero to Imvr. So, 
is a direct sum of two irreducible perverse sheaves. 

Lemma 2. is GL(y)-equivariant. 

Proof Clearly, vriQ^ is GL(F)-equivariant. The Fourier transform preserves GL(F)-equivariance 
of a perverse sheaf. □ 

Stratify ST^(y*) by QiiV), where Qi(y) is the locus oib:V ^V* such that dimKerfe = i. 
For b eST^{V*) denote hy f3b : V ^ A'^ the map b {v,bv). We have a usual ambiguity in 
identifying ST^(y*) with Sym^(y*): b goes to fSt, or i/?^. Since is GL(F)-equivariant, we 
can view it as a perverse sheaf on Sym^(y*) unambiguously. 

Lemma 3. For b G Qq{V) the complex RTc{V, P^C^) is a 1-dimensional vector space placed in 
degree d. 

Proof In some basis is given by (xi, . . . , Xd) i— > + . . . + x^. Thus we may assume d = 1. 
Consider the map tt : — given by 7r(x) = x^. As above m^^'^ Cq® C\ with Cq = Q^. We 
get Rrc(A^, 7r*>C^) ^ Rrc(Gm, ® C^). The latter is a vector space of dimension one placed in 
degree one (a gamma- function on Gm)- D 

Let Cov((5o(^)) ~^ Qoiy) denote the two-sheeted covering of Qq{V) whose fibre over b : 
V^V* is the set of trivializations det V^k whose square is the one induced by b. 

The group GLiV) acts transitively on QoiV), so given b G Qo(^) one gets an identification 
Qq{V)^ GL(F)/0(y,6). Our covering becomes the map GL(F)/ SO(y, 6) ^ G'L{V)/0{V). 

More generally, GL(y) acts transitively on Qi{V). For b G Qi{V) with Ker6 = Vq, we can 
consider b as an element of Sym^(y/Vo)*. We get a parabolic Pq C GL(y) of automorphisms 
of V that preserve Vq. Let Stvo be the preimage of 0(F/Vb,5) under Pq GL(F/Vo). Then 
Stvo is the stabilizer of 6 G QiiV) in GL(y). Since SO(F, 6) is connected, ioY i < d there is 
exactly one (up to isomorphism) nonconstant GL(y)-equivariant local system of rank one on 
Qi{V). It corresponds to the S'2-covering Cov{Qi{y)) — s- QiiV) whose fibre over 6 is the set of 
trivializations dct(y/Vo)— >fc compatible with b. 

Proposition 1. 1) The ^-restriction of to Qi{V) is a GL{V) -equivariant local system of 
rank one placed in degree i — ^d{d + 1). For i < d this local system is nonconstant and comes 
from the covering Cav{Qi{y)) — >■ Qiiy). 

2) = S^^g(B S^^s is a direct sum of two irreducible perverse sheaves. Here S^^g is the Goresky- 
MacPherson extension of \Qo{V)' and S^^g *s the Goresky-MacPherson extension of 

under Qi{V)^Q>i{V). 

3) We haveHS^^g^ Sjp-i g and ID ~^ S^-i^g canonically. 

4) If V = Vi ® V2 is a direct sum of two vector spaces of dimensions di and ^2 then the *- 
restriction 0/ (g) Q^[l](i)®"2'^('^+^) to the subspace Sym^(F]*) Sym^(y2*) is canonically 
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Proof 2) A point of Qi{V) is given by a subspace Vq C V of dimension i together with nonde- 
generate form b : V/Vq {V/Vq)* such that b* = b. It follows that 

dimQiiV) = ^{d - i){d + l-i) + {d-i)i = ^(d - i){d + l + 

From Lemma 01 applied to V/Vq we deduce that 5^ \Qi{V) is a local system of rank one placed 
in degree i — \d{d + 1). From (fT2|) we see that DS^^S'^-i. For < z < d we have 

d\mQi{V) = ]^{d-i){d + l + i)< ]^d(d + 

the equality holds only for i = and i = 1. So, is the Goresky-MacPherson extension from 
the open subscheme Q<i(y). 

Let S^^g be the intermediate extension of iQo(y) to Sym^ V*. The *-restriction S^^g |Qi(y) 
vanishes. Indeed, it should be placed in strictly negative perverse degrees, but \qi{V) is a 
perverse sheaf. Part 2) follows. 

3) follows from (|T2|) 

4) The composition Vi ® V2 V Sym^ V Sym^ Vi x Sym^ V2 equals vr x vr. So, 
a\TT\<Qi ^ (ttiQ^ K1 vtiQ^). Fourier transform interchanges a\ and the *-restriction under the 
transpose map a* : Sym^ V{ x Sym^ V2 —>■ Sym^ F*. 

1) Since \Qi{V) is GL(l/)-equivariant, it remains to show it is nonconstant for i < d. 

Step 1. Start with d = 1 case, so Qo{V)^ Gm- To show that is nonconstant on QoiV) in 
this case, it suffices to prove that KTciGm, S^) = 0. 

We win show that Rrc(A^ x Gm,/3*^i/)) = 0, where the map /? : x Gm sends 
{v,b) to bv^. Let /3 : A-*^ x Gm be the map that sends {v,b) to bv. For the projection 

pr^^ : A^ X Gm A^ we have 

pri,r£^^j;Q,[-l], 

where j : Gm — > A-^ is the open immersion (,13,) Lemma 2.3). Let tt : A-*^ ^ A^ send v to v"^. 
From the diagram 

A^ X Gm ^^'^ A^ X Gm ^ A^ 

i pfl i p^l 

Ai A Ai 

we learn that 

pr^i P*C^ ^ vr* pr^i P*C^ 

It suffices to show that KTciA^ ,n*j^Qi) = 0. Recall that vriQ^ ^ © £1, where i2i is 
the local system on GxtGnd-Gci by zero to which, corresponds to the Ga^lois covering 
vr : Gm ^ Gm- We get 

Rre(AS7r*j;Q^) ^ Rrc(Ai,mQ^ ®i,Qf) = 0, 
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because RTc{Gm,Ci) = and RTdA^J^Qe) = 0. 

Step 2. For any d and i < d choose a decomposition of y as a direct sum V = W(BVi(B- ■ .(BVd-i, 
where dimV^- = 1 and dimVF = i. Then QoiVi) x . . . x (3o(^d-i) C QiiV). The restriction of 
to Qo(Vi) X ... X Qo(Ki-i) is nonconstant by Step 1 combined with 4). □ 

Proposition 2. A choice of a square root i = G A; yields for any j an isomorphism 

Proof Let (32 ■ V x V x Sym^ — be the map sending {v,u,b) to {v,bv) + {u,bu). Let 
P3 -.V xV X Sym^ V* Sym^ V* be the projection. One checks that 

The change of variables 

J X = V + iu 
\ y = V — iu 

makes P2 to be the map sending {x,y,b) to {x,by). Sommate first over x with y fixed, the 
assertion follows. □ 

Proposition 3. The ^-restriction Four^(i2j) \Qj(y) vanishes if and only if j ^ i + d mod 2. 
In other words, if i = d mod 2 then Four^(>Cj) has nontrivial fibres at UjevenQi(^)- If i ^ d 
mod 2 then Four^ (>Cj) has nontrivial fibres at oddQj(^)- 

In particular, Foury,(>Cj)[c/](|) = S^^g for i = d mod 2 and Foury,(>Cj)[c/](|) = S^^g for i ^ d 
mod 2. 

Proof For d = 1 it is clear. Assume it is true for d — 1. 

The complex Four^(£j) is GL(y)-equivariant, and GLiV) acts transitively on QiiV). So, 
for each i exactly one of two sheaves Four^(i2o) \Qiiy) or Four^(>Ci) \Q^{y) vanishes, and the 
other is a rank one (shifted) local system. 

Write V = Vi © V2, where dimVi = d — \ and dimV2 = 1. Consider the natural map 
s : Sym^ V Sym^ Vi x Sym^ V2. We have 

s^{Co) (£0 K Co) © (£1 M Ci) 

and 

s^xci)-^ {CoM Ci) ® {Cim Co), 

where on the right hand side Ci are those for Vi and V2. 

Clearly, Qi-i{Vi) x Qi{V2) ^ Qi{V) and Qi{Vi) x Qo(V2) Qi(l^). Consider 

Fourv,(i:o) lQi(yi)xQo(V-2) ^ /i*(Four^(i:o) ^ Four^(i:o)) © /i*(Four^(i:i) K Four^(i:i)), (13) 
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where h : Qi{Vi) x Qo(^2) ^ Sym^ V* x Sym^ This isomorphism holds up to a shift and a 
twist. 

If i = d mod 2 then /i*(Four^(£i) KlFour^(£i)) is non zero by induction hypothesis, so the 
LHS of (|13|) does not vanish, hence Four^(£o) iQi(V') does not vanish either. 

If i ^ d mod 2 then the RHS of vanishes by induction hypothesis, so the LHS also 
vanishes. Thus, Four^(£o) \Qi(V) vanishes. □ 

4.2 Assume d > 1. Let Y{V) be the moduli scheme of pairs: a one dimensional subspace Vq C V 
and b G Sym^(y/Vo)*. The projection Y{V) — > Gr{l,V) is a vector bundle, where Gi{l,V) 
denotes the Grassmanian of one-dimensional subspaces in V. Let a : Y(V) — > Sym^ V* be the 
map sending the above point to the composition 

V V/Vo {V/VoY ^ V* 

Clearly, a factors through Q>i{V) ^ Sym^ V*. Note that Y{V) is smooth. 

Proposition 4. The map a : Y{V) Q>i(y) is proper surjective and semi-small. 

Proof Stratify Q>i{V) by Qi{V) for i > 1. The fibre of a over a point b £ QiiV) is the 
projective space of 1-subspaces in V', where V is the kernel of b. So, dima~^(6) = i — 1 and 
dimQi(y) = ^{d-i){d + l + i). We get 

2dima~^(6) < codimQ^^(y) Qi{V), 

the equality holds only for i = 1,2. □ 

4.3 Relative version Let now S" be a smooth scheme, y — > 5 be a vector bundle of rank d. 
Define G D(Sym2 V*) by so is a shifted perverse sheaf. 

As above, Sym^ V* is stratified by locally closed subschemes Qi{V), they are equipped with 
morphisms Qi{V) — > Gi{i,V) over S. 

We also have the 52-coverings Cov{Qi{V)) — > Qi{V). For an S'-scheme S', the 5'-points of 
Cov{Qi{V)) are collections: a rank i subbundle Vq C V \s', an isomorphism b : V/Vq — > {V/Vq)* 
of O^'-modules with b* = b, and a compatible trivialization det{V/Vo)^ Os' ■ 

Propositions |2l and 01 hold in relative situation (one only changes a shift and a twist in 3) 
of Proposition^. 

4.4 Finite-dimensional theta-sheaf This subsection is not used in the proofs and may be 
skipped. 

Let M be a symplectic fe-vector space of dimension 2d. Write C{M) for the scheme of 
lagrangian subspaces of M. Set Y = C{M) x C{M). Consider the line bundle ^ on y with fibre 
(detLi) (g) (detL2) over (Li,L2) G Y. We view it as Z/2Z-graded purely of degree zero. Let Y 
denote the stack of square roots of A. The //2-gerbe y ^ y is nontrivial. The group Sp(M) 
acts naturally on y, and A is Sp(M)-equivariant, so Sp(M) acts also on Y . 

We are going to construct a Sp(M)-equivariant perverse sheaf Sm on Y such that —1 G ^2 
acts on Sm as —1. 

The Sp(M)-orbits on Y are indexed by i = 0, . . . , d. The orbit Yi is given by dim(LinL2) = i. 
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Lemma 4. The restriction of A to each Yi admits a canonical Sp{M)-equivariant square root. 

Proof For Li, L2 G C{M) let {Lir\L2)^ C M denotes the orthogonal complement to LinL2. The 
symplectic form on (Li H L2)^ / {Li nL2) induces an isomorphism L2/{Li nL2) {Li/Li nL2)*. 
This yields a Z/2Z-graded isomorphism (detLi) (g) (detL2)^ det(Li n L2)®^. By 3.1.2, we are 
done. □ 

Let W denote the nontrivial local system of rank one on B{^2) corresponding to the covering 
Spec A; B{fi2)- Let Yi denote the restriction of the gerbe Y ^ Y to Yi, so Yi^Yi x B{fi2) 
canonically. 

Definition 2. Let SM,g (resp., Sm,s) denote the Goresky-MacPherson extension of 

{Q,mW)[dimY]{^^) 

from Yo to Y (resp., of (Q^ ^ W)[dimY - l](^isi|^) from Yi to Y). Set Sm = SM,g Sm,s- 

Denote by y the stack quotient y/Sp(M). Write y ^ y ioi the corresponding gerbe of 
square roots of A. We may view Sm as a perverse sheaf on y. 

Fix a lagrangian subspace V C M, let Py C Sp(M) be the Seigel parabolic subgroup 
preserving V . We have canonical isomorphisms of stacks 

y-^C{M)/Pv ^ Pv\ MM)/Pv 

One may view A as a line bundle on C{M)/Py with fibre (detV) (detL). 

Fix a splitting ^ M of ^ F ^ M ^ F* ^ 0. Denote by C §p(M) the Seigel 
parabolic subgroup preserving V* C M. Let Z C C{M) be the open P^-orbit, that is 

Z = {Le C{M) \LnV* = 0} 

The map Sym^ V* ^ Z sending b : V ^ V* to L = {v + bv M \ v V} is an isomorphism 
commuting with the action of GL{y). Denote by Z the stack quotient Z/ GL{y). View 
introduced in Sect. 4.1 as a perverse sheaf on Z. 

Denote by u the composition (of an open immersion followed by a smooth map) 

Z ^ C{M)/ GL(F) ^ C{M)/Pv = y 

The map v : Z ^ y is smooth, surjective and representable. It factors naturally Z ^ y ^ y . 
Proposition 5. There are isomorphisms of perverse sheaves on Z 

i>*SM,g ^ Q,[l](^)® 'i^'^^-d'""^ ^ S^,g 

and 

(Once i = \/~l & k is fixed, such isomorphisms are well defined up to multiplication by ±1^. 
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Proof The stack Z is stratified by Zi = QiiV)/ GL(y), the quotient being taken in stack sense. 
Let yi denote the stack quotient 1^/ Sp(M). Note that Zi identifies with Zxyyi for i = 0, . . . , d. 

Let y^i denote the restriction of the gerbe 3^ to 3^j, so yi^yi x i?(/i2) canonically. Remind 
the covering CoviQiiV)) — > QiiV) from Sect. 4.1. It is GL(l/)-equivariant, so the stack quotient 
Cov{Z,i) = Cov{Qi{V)) / Glj(y) is a two-sheeted covering of Z^. For each i we have a cartesian 
square 

CoY{Zi) ^ y^ 

i i 

Zi ^ % 
Our assertion follows now from Proposition^ □ 

Remark 2. Write (resp., m3^) to express the dependence on M. If M, M' are two symplectic 
spaces over k of dimensions d, d', consider the map t^^j^i : x m'^ ^ m®m'^ sending 
(Li,L2), (L'l^L'^) to (Li ® L[,L2e L'2). It yields a map 

^M,M' : m3^ X M^y MS)M'y 

From 4) of Proposition ^ it follows that fl,j j^jiSm^M' — * Sm ^ S'A/'[2(i(i']((i(i') canonically. 

5. Fourier coefficients of Aut for Siegel parabolic 

5.1 Write Bunp = Bunp,^. So, Bunp classifies L £ Bun^ together with an exact sequence 
— > Sym^ L — >? ^ ^ on X. It induces an exact sequence 

O^L^M^L*(S)n^O, (14) 

The map i^n '■ Bunp Bunc is also denoted u. 

Lemma 5. The map v : Bunp Bunc factors as the composition Bunp Buufj Bun^. 

Proof The sequence (|14() yields a Z/2Z-graded isomorphism 

det Rr{X, M) ^ det Rr(X, L) ® det Rr(X, L* ® f)) ^ det Rr(X, L* ® (15) 

Define u by letting B = detRr(X, L* ® Vl) together with B"^ ^ A given by By 3.1.2, 9 is 

well-defined. □ 

Let '^Bunp C Bunp be the open substack given by H°(X,Sym2L) = 0. One checks that 
both V : ^ Bunp — > Bun^ and D : ^ Bunp — > Bun^ are smooth. 

Lemma 6. The map v : ^ Bunp Bun^ is surjective, so u -.^ Bunp Bunc is also surjective. 
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Proof Let M be a /c-point of Bunc. It admits a line subbundle Li with degLi < 0. Let 
L_i C M be the orthogonal complement to Li, so L_i/Li G Bunc^.^ naturally. Continuing 
this procedure for L_i/Li and so on, we get a flag of isotropic subbundles Li C . . . C L„ C M. 
Then (L„ C M) is a fc-point of ° Bunp. □ 

5.2 THE SHEAF Sp^^ ON BuUp 

Write BunJ^ (resp., Buup) for the connected component of the corresponding stack given by 
deg L = d. 

Write c Bun„ C Bun^i for the open substack given by H°(X,L) = 0. Let V ^ Bun„ be the 
stack whose fibre over L G Bun„ is Hom(L,Q). Let cV — > cBun„ be the preimage of cBun„, 
over c Bun^ this is a vector bundle of rank n{g — 1) — d. 

Let X = V XBun„ Bunp and p : X ^ Bunp be the projection. Let q : X ^ h} he the map 
sending s G H°(X, L* ® Q) to the panmg of ^ Sym^ L^? ^n^O with 

s s G H°(X, (Sym^ L*) 0^) 

Definition 3. Set Sp^^ = p\q*C^ where dim A" is the dimension of the corre- 

sponding connected component of X. 

Let V2 — >■ Bun„ be the stack whose fibre over L G Bun„ is Hom(Sym^ L, Q?). Let 7r2 : V ^ V2 
be the map sending s G Hom(L, il) to s. Note that 1^2 is finite, a 5'2-covering over the image 
Im7r2 with removed zero section. By definition, 

Sp,^^Yom^{^2m®W]{\T'^'^'', (16) 

where Four^ : D(V2) — > D(Bunp) is the Fourier transform functor. Note that ^2 acts on Sp^^. 

Let c Bunp denote the preimage of c Bun^ in Bunp. We see that over each connected compo- 
nent of cBunp, Sp^^ is a direct sum of two irreducible perverse sheaves and D(5p^^)^5p,^-i. 

Let Sym^ cV — > cBun„ denote the symmetric square of the vector bundle cV — > cBun„. Let 
TT : cV — > Sym^ cV be the map sending s G Hom(L, to s ^ s. Then 7r2 decomposes as 

cV ^ Sym2 ,V ^ eV2 

Given L G Bun„, the transpose to the linear map Sym^ H'^(X, L* <^Vt) ^ Hom(Sym^ L, Q?) is 

H^(X, (Sym^ L) ® J]"^) ^ Sym^ H^(X, L) 

It defines a morphism of stacks / : cBunp — > Sym^cV* over cBun„. 

We have the sheaf on Sym^ cV* defined in Sect. 4.3. From (|16|) we conclude that 

Sp,^ ^ Q,[l](i)^dimA--r-ir(r+l) (^7) 

canonically over cBunp, where r and dim^ are functions of the corresponding connected com- 
ponent with r(cBunp) = n{g — 1) — d. 
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Denote by Sp^^^g (resp., by Sp^^^s) the direct summand of Sp^^ obtained by replacing by 
S^^g (resp., by S^^s) in CZI- Both Sp^^^g and Sp^^^s are irreducible perverse sheaves over each 
connected component of cBunp. 

Note that ^Bunp C cBunp. 

Remark 3. Consider x(-^) as a function of a connected component of cBunp. By Proposition El 
over a given connected component of cBunp, the S'2-invariants of Sp^^ are Sp^^^g for x{L) even 
and Sp^^^s for x{L) odd. 

5.3 Recall the stratification of Sym^ cV* by locally closed substacks Qi{cV) and the coverings 
Cov(Qi(cV)) ^ QiicV) defined in Sect. 4.3. 

Set i Bunp = {iBunc) and Bunp = c Bunp n i Bunp. For a point of c Bunp the exact 
sequence (|14|) yields an exact sequence 

^ H°(X, M) H°(X, L* f]) R^{X, L) YL^{X, M) ^ (18) 

Thus, we get a commutative diagram 

i,c Bunp ^ c Bunp 

i / i / 

QiicV) ^ Sym^eV* 

Let ipp : Cov(j_cBunp) — > j^cBunp be the covering obtained from Cov((5j(cV)) — > Qi(cV) by 
the base change / : j^cBunp — > Qi{cV). 

Proposition 6. For i > there is a cartesian square 

Cov(j,cBunp) Cov(jBunG) 
i iPp I iP 

,,Bunp ^ .B^Tnc 

Proof Let S" be a scheme. Assume given an S'-point of j^cBunp. It yields locally free Os- 
modules Vq = ii^{X, M) and V = ^{X, L* (E)ft) included into an exact sequence of O^-modules 
(a relative version of (fTH)) ^ 

^Vo ^V* ^0 

with b* = b. The OsxX-inodule L together with the morphism of O^-modules V V* defines 
the corresponding S'-point of Qi{cV). 

We have an isomorphism of O^-modules B = det Rr(X, L*®Q) ^ det V, because H°(X, L) = 
0. We also have an isomorphism of C's'-modules t : B'^^ det Rr(X, M) ^(det Vq)^ given by (fT3)) . 

A lifting of the corresponding S'-point of j Bung to Cov(iBunG') is an isomorphism of O5- 
modules B^ det Vq whose square is t. The corresponding category is the category of S'-points 
of Cov(j^cBunp). □ 
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Proposition 7. There are isomorphisms of perverse sheaves on "^Bunp 
and 

I>* Aut, ®Q,[l](i)^dimBunp-dG ^ 5^^^^^ 

iJere dimBunp denotes the dimension of the corresponding connected component of Bunp. 
(Once £ k is fixed, the above isomorphisms are well-defined up to a sign). 

Proof Recall that Sp^^^g and Sp^^^s are irreducible perverse sheaves over each connected com- 
ponent of cBunp. By relative version of Proposition ^ ^P,tp,g over o,cBunp (resp., Sp^^^g over 
i^c Bunp) is a nonconstant local system of rank one corresponding to the covering Cov(o,cBunp) — > 
o,cBunp (resp., Cov(i cBunp) i cBunp). Moreover, for any i 

by Proposition 121 (this requires a choice of \/— T G k). 
By Proposition El for each i we get isomorphisms 

i>*(iAut) |,_,Bunp ^ Hom52(sign, (jpp)!Q£)) 

In particular, 

i>*(iAut®i Aut) I^^^Bunp ^Qe 

Set ^ Bunp = ^ Bunp n » Bunp. By construction, Sp^^^s is perverse over Bunp, hence also 
over 5 Bunp. Since 5 Bunp — > i Bung is smooth and surjective. Propositions ^ and IHl imply that 
1 Aut (8)Q£[1](|)®'^<3-1 pgpverse on iBun^. So, Defenition ^ makes sense. 

For each connected component ^ Buup of ^ Bunp the stack " Bunp n j Bunp is non empty for 
i = 0,1. Since P : '^Bunp Bunc is smooth, our assertion follows. □ 

Proof of Theorem^ For each d the map u : '^Buup Bunc is smooth with connected fibres, 
and V : '^Bunp Bunc is surjective. So, by Proposition [71 it suffices to construct isomorphisms 



over ?Bunp. We have them by Proposition El combined with relative version of Proposition ^ 
Proposition ISl implies the second part of the theorem. □ 

Remark 4. From Theorem IH it follows that i>* Aut ®Q£[l](i)® '^^^"''^ "'^g equals 5p,^ in the 
Grothendieck group -fC(cBunp) over cBunp, which is bigger than ^Bunp. We expect that 
actually the isomorphisms of Proposition (3 hold over cBunp. 
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6. Constant terms of Aut for maximal parabolics 



6.1 Recall the smooth map r]k : Bunp^ Buhq^. (cf. Sect. 3.3). Under each of the two 
projections Bunp^. Xbuhq^ Bunp^. — > Bunp^. the stack Bunp^ Xbuhq^ ^^^p^. identifies with the 
one classifying (Li C L-i C M) G Bunp^ together with an exact sequence — ^ Sym^ Li — >■? — ^ 
O — > 0, the projection being the forgetful map. 

Let Uk^n '■ Bunpj, ^ —>■ Bunp be the stack classifying (0 Sym^ L —>■? —>■ —>■ 0) E Bunp 
together with a subbundle Li d L with Li G Bunj^. 

Lemma 7. The map rj^ : Bunp^. Buuqj, is surjective. 

Proof Consider a fe-point of Bung^ given by a flag (Li C L^i) of vector bundles on X with 
L_i/Li G BuuG^ . Let show that the fibre of r)k over it is nonempty. 

Pick a lagrangian subbundle B C L_i/Li such that H^(X, = 0, it always exists. Let 

L C L-i be the preimage of B under L_i ^ L_i/Li. The exact sequence 0^Li^L^i3^0 
splits, we fix a splitting Li (B B. Then our fc-point of Bung^ becomes the data of two exact 
sequences 

^ Sym^ B^l^n^O 

and 

^ Li ^? ^ ® ^^ ^ 0, 

Pick any exact sequence Sym^ Li — — >^ O — >^ and summate it with the above two. 
The result is an exact sequence Sym^ L —^1 ^ Q — > 0, the corresponding Pjt „-torsor induces 
a Pfc-torsor lying in the fibre under consideration. □ 

Set BuuQ^ ^ = Bunp(G^^_^,) XBunG„_j^ Bung^^, where P{Gn-k) C G„_fc is the Siegel parabolic. 
So, Buuq^ ^ classifies a point ^ Li ^ L_i L_i/Li ^ of Bung^ together with a lagrangian 
subbundle L/Li C L_i/Li. Consider the diagram 

Bunp ^ Bunp^^ ^ Bung^ „ 

i rk 

Bunp(G„_,), 

where and r/^^n denote the projections. 

Write Sp(G„),^ to express the dependence of Sp^^ on n. Note that Bunp((jp) = Spec/c, 
Sp{Go),^,g = and -S'p(Go),v>,s = 0- 

Proposition 8. W^e /taue a canonicall isomorphism commuting with S^-action 

where a E 7, is the function of a connected component of Bung^. ^ given by 

a = dimBun„ — dimBun„_yt — x(Li) + x(^~^ ® Sym^ Li) — x(^~^ ® Li (g) (L/Li)) 
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Proof Consider the map 

id XTii^ ,1 

X XBunp Bunp,^ = V XBun„ Bunp, ^ ^ ' V XBun„ Bung, ^ 

Write ^ Xq^^ ^ Bunp^^j^-j to express the dependence on n of the diagram <^ X ^ Bunp 
introduced in Sect. 5.2. 

Denote temporary by i : XG„^^XBnnp^G„^f,)^^^Qk,n ^ V x Bun„ Bung^,^ the closed embedding 
given by the condition that s £ Hom(L,f]) Ues in Hom(L/Li, (7). 

Set ao = —x{^~^ "Xi Sym^ Li) viewed as a function of a connected component of Bung^. ^. 
Let us estabhsh a canonical isomorphism 

(id XT]k,nHq*C^ ^ Qe) ^ i\{q*n-k^^ ^ Qe)[-2ao]{-ao) (19) 

Consider a A:-point of V XBun„ Bunp^^ given by (Li C L C L_i C M) and s G Hom(L, fi). 

The fibre, say Y, of id xr/fc_„ over its image in V XBun„ Bung^. identifies with the stack of exact 
sequences 

^ Sym^ Li^? ^n^O (20) 

on X. The restriction of q*C^ Kl to Y is (up to a tensoring by a 1-dimensional vector space) 
the restriction of £^ under the map y — > pairing Sym^ Li ^ Sym^ L with (|2U() . 

So, the fibre of the LHS of (|19j) vanishes unless s G Hom(L/Li, il). The isomorphism (|19|) 
follows, here oq = dimY. 

For the projection pr : V XBun„ Bung^^^ Bung^^^ we get 

pr, (id xrjk,n)i{q*C^ ^ Qe) ® Q^ll] (^)^ ^ ^ (r/fc,„)!i/fc*,„5p,^ 
Our assertion follows, because a = dimA'^^ — dimA<;^_j. — 2ao. □ 
Proof of Theorem\^ We have the diagram 

Bunp Bung 

T '^k,n T '^k 

Bunp,^ ^ BunG„_, XBunG„_, Bunp, 

i 'yfc.n i id X»Jfc 

Bung,,„ Bunc„_ Bung^^ 

where the middle square is cartesian. So, 

(z> X id)*(id xr7fc)!i>^ Aut ^ (r/fc,„)!i^fc Aut 
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Let ° BunQj. ^ C Bung^. be the open substack given by three conditions: H°(X, Sym^ Li) = 
0, H°(X,Li (g) L/Li) = 0, and H°(X, Sym2(L/Li)) = 0. As in LemmaEl one checks that 

"Bung. ^^^'^ BunG„_, XBunG„_,°BunQ, (21) 

is smooth and surjective. Since r/^^C^Bung^ ^) C z^^^C^Bunp), from Propositions Q and |S1 we 
get 

(l) X id)*(id Xr/,)!^,* Aut ^ r^5p(G„.,),^ -dim Bunp +a (22) 

over ° Bung^, ^ . The restriction of to Bung^. ^ factors as 

°Bung,^ ^ °Bunp(G„_,) ^ Bunp(G„_^) 
So, by Proposition [3 apphed to Gn-k, the RHS of identifies with 

(z> X id)*(AutKQ^) 0Q4l](^)®''^-'''"'^"°^+'^+'''"'^""^(«-*'-''^"-^ 

We have &(-Li) = do — dimBunp+a + dimBunp(c^_j.) —dG„_f.- Since Bung^. BunG„_^ is 
smooth, AutKlQ^ is a shifted perverse sheaf on BunG'„_j. xbuug Bung^^. 

Since the restriction of the map 1)21^ to each connected component of ^ Bung^ ^ has connected 
fibres, we get the desired isomorphism. 

The second assertion follows from Remark |21 combined with Proposition |H1 □ 

7. Towards geometric 6'-lifting 

This section is not used in the proofs and may be skipped. Let r^^m : Bun^^ x Bunso^ — >■ 
Bunc^^ be the following map. Given SO-^-torsor J^]y, let W denote the vector bundle induced 
from it via the standard representation of SO„ . Given in addition M £ Bun^^ we get naturally 
a symplectic form A^(M (gW) ^Q. The map Tn,m sends (M, W) to M (g, W. 

Let Aso^ denote the (naturally Z/2Z-graded) line bundle on Bunso^, whose fibre at J^w 
is det Rr(X, W). Write Ag^ to express the dependence on n of the determinant of cohomology 
on BunG„. 

Lemma 8. For m >3 we have a TLjTL-graded canonical isomorphism over Bun^^ x Bungo^ 
rlmAG^^ - {A^„ ^ AllJ ^ det Rr(X, 0)^"^"- 

Proof 

Step 1. Let us show that for any M £ Bunc^, V £ BungLj we have canonically 

det Rr(X, M(S)V)^ det Rr(A:, Mf (g, det Rr(X, y)^" ® det Rr{X, O)"^" 
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Indeed, for y = ©2 have det Rr{X, M(S)V)^ det Rr{X, Mf. Further, for M = © fi" 

det Rr(X, M(^V)^ det Rr(X, F)" ® det RT{X, F ® ^ det Rr(X, F)^" 
Since H°(BunG,^, O) = H'^(BunsL25 C) = the assertion follows. 

Step 2. Let J^^f be the trivial SO^-torsor on X. Restricting T^m-^Gnm under Bunc^ — > 
Bunc^ X Bunso„ , we get canonically. 

For a G Z/2Z denote by Bung^ the corresponding connected component of Bunso^- 
Let Tq^ be the G^-bundle © on X. The restriction of r* „j^g„™ under J^^^ x id : 
Bunso„ — ^ Bun^^ x Bunso^ is canonically. This yields the desired isomorphism over 

BunG„ X Bungjj^. 

If iS is a line bundle on X of odd degree then W = £®£* ® O^'^ ^ Bun^o • For this W 
we get 

detRr(X,M©T^)^ det Rr(M © © T)) © det Rr(X, M)'"-^ 

By Step 1, 

det Rr(M © ©£:*)) ^ det Rr(X, Mf © det Rr(X, £ © f*)^" © det Rr(X, O)"^" 
The desired isomorphism over Bunc^ x BuugQ, follows. □ 

By the lemma combined with 3.1.2, for m even there is a canonical map 

■ BunG„ X Bunso„ ^ BunG„^ 
extending Tn,m- For m odd there is a canonical map 

Tn,m 

: BunG„ X Bunso„ ^ BunG„„ 

extending r^^^- 

The complex f* ^ Aut viewed as a kernel of intergal operators gives rise to a pair of functors 

between the categories D(BunG,J and D(Buns(Q)^) (for m even one may replace BunG„ by 
BunG„). These functors are the geometric counterpart of the classical theta-lifting (in the 
nonramified case) for the dual reductive pair Sp2„,SOm (cf., for example, [TH|, Sect. 8), we will 
study them separately. 



8. Genuine spherical sheaves on GrG 

8.1 Let O = k[[t]] and K = k{{t)). Let Oo denote the completed module of relative differentials 
of O over k. Pick a free O-module Mq of rank 2n with symplectic form A^Mq — > Hq. 

In Sect. 8.1-8.2 G will denote the sheaf of automorphisms of Mq preserving the symplectic 
form. One associates to G the affine grassmanian GrG (cf. 6 , p. 172 or ID ), which is an ind- 
scheme over k, the fpqc quotient GrG = G{K)/G{0). Here G{0) (resp., G{K)) is the functor 
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associating to a /c-algebra R the group of automorphisms of Mq^r := Mq (^q R[[i]] (resp., of 
Mq 0o ^iit))) preserving ah the structures. 

Recah that the Picard group of Gtq is Z (cf. ^0]), let us introduce the notation for the 
generator. We have the affine grassmanian GrgL(jv/Q). Its i?-points are projective -R[[t]]-modules 
of finite type M C Mq^q R{{t)) with 

• f^Mo^R CMC t"™Mo,i?^ for some m >> 0; 

• det^[[i]] M = det/j[[i]] Mq^r as a subspace of (detH[[i]] Mq^r) ^nut]] R{{t)) 

We postpone to Lemma^lthe proof of the fact that M/t^MQ^p^ is a projective i?-module for 
m >> 0. This allows to introduce the line bundle C on GrsL(Afo) whose fibre at M is 

det(Mo : M) := detR(Mo/t'"Mo) deiR{M /t"^ Mq)'^ , 

independent of m such that f^MQ C M. View it as Z/2Z-graded purely of degree zero. 

The standard representation of G yields a map Giq GrgL^^^), and we also write C for 
the restriction of this line bundle to Ore. Then C generates the Picard group of Gtg- Recall 
that jC is G(0)-equivariant on Gvg- Let Gtg Giq denote the ;U2-gerbe of square roots of C. 
Then G{0) acts on Grc extending the action on Gr^ (cf. A. 3). 

Definition 4. Let Sph(GrG') be the category of G(0)-equivariant perverse sheaves on Gr^ on 
which — 1 G /U2 acts as —1. We call it the category of genuine spherical sheaves on Gr^. 

A ^-characteristic is a free O-module M of rank 1 together with M (Siq M^^o- A choice 
of a ^-characteristic yields an isomorphism of group schemes G(C')^Sp(Mo ®o J^~^) 

over k. 

A further choice of a symplectic base in Mq CSo AA"-*^ over O identifies G{0) with Sp2„(C). So, 
we may view the standard maximal torus and Borel T C B C Sp2„, C Sp2„(C') as subgroups of 
G{0). Write A"*" for the set of dominant coweights of Sp2„- 

We have a stratification of Gr^r by G(C')-orbits indexed by A"*", write Gr^ for the G(0)-orbit 

passing by X{t) S T{K) (!6 , p. 180). Let Gr^ be the preimage of Gr^ in Gr^. 

Proposition 9. For any X E A"*" there is a G{0)-equivariant trivialization Gtq^ Gtq xB{fi2), 
the G{0)-action on the RHS being the product of the action on Gtq and the trivial action on 

Proof 

Step 1. For A G A+ denote by Six the stabilizor of A(t) e Grc in G{0). Let Mx = A(t)Mo and 
M' = Mo + Mx, M" = Mon Mx. 

The symplectic form A^{Mo ®o K) Q.{K) = VLq ®o K induces a map {M' /Mq) ® 
{M' /Mx)^{Mx/M") ® (Mo/M") Q.{K)/VLo- Composing further with the residue map, 
we get a pairing between fc-vector spaces M' /Mq and M' /Mx- We'll check in Step 2 that the 
pairing is perfect. So, the fibre of C at Mx is 
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The group StA acts on det{M' /M\) by some character x '■ Six Gm- So, StA acts on Cm^ by 
X^- Let B be the G(C')-equivariant hne bundle on Gr^ corresponding to x- Then we have a 
G(0)-equivariant isomorphism B^^C ^Gr^' ^^'^ assertion follows from Lemma [T7I 
Step 2. Realize Sp2n as the subgroup of SL2n preserving the form on A:^" given by the matrix 

Er, 

-En 

where E^ is the identity matrix in SL„. Let T C Sp2n be the maximal torus of diagonal 
matrices. A coweight A = (ai, . . . , a^; — ai, . . . , — On) of T is dominant iff ai > . . . > a„ > 0. 
Pick a trivialization J\f^O and a symplectic base in Mq. Then 

Ma = t'^^Oei e . . . e t^'^Oen r^^Oen+i © ... t""" 062,1 

and M' = Oei © . . . © Oen © t-'^^Oen+i © ... © t-""C'e2„. Since 

M' /MQ^t-^^Oen+i © ... © t~'*"C'e2n/Oen+i © ... © Oe2n 



M'/Mx^Oei © ... © Oen/t'^iOei © . . . © t'^^Oen, 
the pairing is perfect. □ 

Let W denote the nontrivial local system of rank one on B{fi2) corresponding to the covering 
Spec A; — > B{fi2)- For A G A"^ there is a unique irreducible G(C)-equivariant perverse sheaf on 

Gr^, on which -1 G fi2 acts as -1, namely (Q^ MW)(E) Q£[l](i)®'^™*^'G. Denote by ^a its 
Goresky-MacPherson extension to Grg-. By Proposition]^ the irreducible objects of the category 
Sph(GrG) are exactly A\,X £ A"*". 

Note that Sph(GrGr) is closed under extensions in P(GrGr) (if —1 G fj,2 acts as —1 on perverse 
sheaves Ki, K2 then it acts as —1 on any extension of Ki by K2). Since Ii{A\f^A\ canonically, 
Sph(GrG) is preserved by Verdier duality. 

Consider the action of the torus T C G{0) on Gr^j. The following will be used in Sect. 8.4. 

Lemma 9. i) There is a covering ofGic by T -invariant open ind-schemes Ui andT-equivariant 
trivializations C ^Ou^. 

a) For an R-point M C Mq ©o R{it)) of GrsL(A/o) "'^'^ >> R-module M/t™Mo,_R is 
projective. 

Proof i) Pick a trivialization M^O, so that our base of Mq © J\f~^ gives rise to a base 
{ei, . . . , e2n} of Mq. Consider the corresponding maximal torus T' of SL(Afo). Set M~ = Aei © 
. . .© Ae2n with A = t-^k[t-^]. For a coweight A : Gm — > T' of SL(Mo) denote by Ux C GrgL(Mo) 
the open locus classifying lattices M C Mq ©o K such that M © X{t)M~ = Mq ©o K. Here 
A = (61, ... , b2n) with ^bi = and X{t)M- = At^'-ei © ... © ^t^^ng^^. 

One checks that the union of Ux is GrgL^j^^^). Clearly, U\ is T'-invariant. As shown by 
Faltings ( 10 , Sect. 2), for each A there is a trivialization C ^Ou^ equivariant under 
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the stabilizer of X{t)M~ in SJj{Mq){K). This stabihzor contains T' , so the triviahzations are 
T'-equi variant. 

Restricting everything under the map Gr^ GrgL(j\,/g) corresponding to the standard rep- 
resentation, one concludes the proof. 

ii) (argument due to the unknown referee) Localizing in Zarisky topology of R, pick a coweight 
A of SL(Mo) such that M © X{t)M]^ = Mq (g)o R{{t)). Here = Arci © ... © Aiie2n and 
Aji = t-^R[t~'^]. For m >> we get t"™Mo,j? = M © [/, where U = \{t)M- n t-'^Mo,R, and 

□ 

8.2 The convolution product. Following jl7|, consider the diagram 

Gig X Gig G{K) x Gr^ ^ G{K) yiG{0) Gig " Gig, 

Here pG '■ G{K) Gig is the projection, G{K) Xg{0) Gig is the quotient of G{K) x Gr^ by 
G{0), where the action is given by x{g, hG{0)) = {gx~^ ,xhG{0)) for x G G{0), and m is the 
product map. 

The map x m : G{K) ^g{0) Gig ^ Gr^ x Gr^ sending (g, hG{0)) to {gG{0), ghG{0)) 
is an isomorphism. 

We have a canonical isomorphism q^m* PqC M C. Moreover, the above G(C')-action on 
G{K) X Grc lifts to a G(C')-equivariant structure on PqC M C giving rise to the line bundle 
PqCMC on G{K) Xg(c>) Gr^r. Thus, m*£^p^£Kl£ canonically. 

Set G{K) = G{K) xgtc Gig- Both actions of G{0) on G{K) by left and right translations 

extend naturally to actions on G{K). We'll refer to them again as actions by left and right 

translations, by abuse of terminology. Under the action on G{K) by right translations, the 

projection pG ■ G{K) Gig is a G(0)-torsor (cf. A. 2). 

Taking the tensor product of square roots of PqC and of C, we get a map rh that fits into 
the diagram 

G(K) xGiG ^ Gig 

i i 



G{K)xGiG "-^^ Gig 



One checks that 



PGXm: G{K) x Gig ^ Grc x Gr^ (23) 

is a G(0)-torsor, where G{0) acts on G{K) x Gig as the product of the action by right trans- 
lations on G{K) with the action on Gr^. 
Consider the diagram 

Gig X Gig ' G{K) x Gig "^-i'^ Gr^ x Gig Gig 



26 



Definition 5. For Ki,K2 G Sph(GrG) define the convolution product Ki * K2 & D(GrG') by 

Ki* K2 = pr2! K, 

where K is a, perverse sheaf on Gr^ x Gr^ such that {pc x m)* PqKi KI K2. Since (|23() is a 

G(C')-torsor and PqKi^K2 is equivariant under the corresponding G(C')-action on G{K) x Grc, 
K is defined up to a unique isomorphism (cf. A. 2). 

For (a, 6) G /i2 X fi2 the image under pc x m of the corresponding 2-automorphism of 

G{K) X Gtg is the 2-automorphism {a,ab) of Gr^ x Grc. So, by Lemma [TBI descends to 
a perverse sheaf K' on Gr^ xGr^j (such K' is defined up to a unique isomorphism). Since 
Krc{B{fj,2),Qi) = Qi, we see that Ki * i^2— ^ where pr2 : Grc xGrc Gtg is the 

projection. Moreover, —1 G ^2 acts on Ki * K2 as —1. 

Proposition 10. For Ki,K2 G Sph(GrG') we have Ki * K2 ^ Sph(GrG). 

— — A,/i I 

Proof Following 17_, stratify Gr^j xGr^ by locally closed substacks Gr,^ , X, fi £ A"^, where 

Gr^;''^ is the preimage of (pc x m){pQ^{GT:Q) Xq(^(^-^ Gr^) under Gr^j xGr^ — > Gr^ x Gr^. 

Stratify also Gr^ by Gr^j, A G A+. By Lemma 4.3 of loc.cit., pi2 : Gr^j xGr^ Giq is 
stratified semi-small map. Our assertion follows from Lemma 4.2 of loc.cit. □ 

In a similar way one defines a convolution product Ki * K2 * of three sheaves Ki , K2 , G 
Sph(GrG). Moreover, {Ki * K2) * Ki * K2 * Ki * {K2 * i^s) canonically, and ^0 is a 

unit object. So, Sph(GrG) is an associative tensor category (a category with tensor functor and 
an associativity constraint). 

Observe that for each A G A+ the G(C')-orbit Gr^ is even-dimensional. 

Proposition 11. 1) For A G A+ the odd cohomology sheaves of A\ (with respect to the usual 
t- structure) vanish. 

2) The category Sph(GrG') is semisimple. 

Proof la) Given Ai, . . . , A^ G A+, consider the convolution diagram 

m: Conv^i'-'^'- 

where we have set Conv = Gr^^ x . . . x Gr^^''. Let Conv be the restriction of the 

A + +A ' ^ -^i ■ ■H'-^r 

gerbe Gr^ under the above map m. The canonical section s : Gr^^^ ■ ■ '' — > Gtq yields 
a section m^'^{s) of the gerbe Conv ' ' over m'^ {Gt'q^'"^^'' ) . One checks that this section 
extends to a section Conv *■ Conv 

lb) We adopt Gaitsgory's proof of a theorem of Lusztig to our situation Qllj. A. 7). Namely, let 
Tl denote the affine flag variety. This is the ind-scheme classifying a G-bundle J-q on SpecO 
with trivialization Tq^^F^ | Specie' and a reduction of Tg lspocC'/(t) to the Borel subgroup B. 
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Let Tl denote the restriction of the gerbe Gr^ under the (smooth) projection Fl — > Grg. 
Let / C G{0) be the Iwahory subgroup. For an element w of the affine Weil group of G, let 

w 

!Fl'^ denote the corresponding /-orbit on Tl. Set Tl = Tl^ Xy^i J^l. 

Let fi S A"*" be such that the projection J^l"^ Gtg factors through Gr^. The canonical 
section Grji, Gtq yields a section s : J-l^ J- 1 of the gerbe J- 1 — > ^Fl^ . Let Au} denote 

w 

the irreducible perverse sheaf on the closure of J- 1 on which — 1 G /U2 acts as —1 and whose 
restriction under s is ICjri»- It suffices to show the parity vanishing for stalks of Aw 

Let w = si • . . . • Sr be a reduced decomposition of w into a product of simple reflections. 
Denote by p : Conv^^''"'*'' — > !Fl the Bott-Samelson resolution {loc.cit. or JHI, Sect. 3, where 

^ Sl,...,Sr 

it is referred to as Demazure resolution). Let Conv^^ be the restriction of our gerbe to 
Conv^^''"''*''. By la), the section 

induced by s extends to a global section Conv^^''"'**'' Convj^; ' . The desired assertion 
follows, because the fibres of p have cohomology with compact support in even degrees only 
(HU, A.7). 

2) Follows from 1) as in ( 6 , 5.3.3). This uses the fact that each Gr^ has cohomology only in 
even degrees (5.3.2 of loc.cit.). □ 

Remark 5. The group of automorphisms of the fe-algebra O is naturally the group of A;-points 
of a (reduced) affine group scheme Aut'' O over k ([HI, 2.6.5). Assume that Mq = O"" © 
with standard symplectic form. Then Aut*' O acts on Mq and, hence, on Gr^. Moreover, £ is 
naturally equivariant under this action. It follows that Aut*^ O acts on Gr^. Proposition IHl then 
can be strengthened saying that the gerbe Gr^^ — > Gr^ admits a G{0) xi Aut'' O-equivariant 
trivialization. 

We also see that each Ax is G{0) xi Aut'^ O-equivariant (this property is true for the constant 
sheaf over Gr^ and is preserved under intermediate extension). By Proposition 1111 each K S 
Sph(GrG) is Aut'^ O-equivariant. Moreover, such equivariant structure is unique (because the 
stabilizer of a point is connected) and compatible with any morphism in Sph(GrG). 

8.3 The fusion product Following [Ej, we wih show that the convolution product defined 
above can be interpreted as a 'fusion' product, thus leading to a commutativity constraint 
on Sph(GrG'). The original idea of this interpretation for spherical sheaves on Gr^ is due to 
V. Drinfeld. 

Let G denote the sheaf of groups on X introduced in Sect. 3.2. For x £ X{k) write Ox for 
the completed local ring at x and Kx for its fraction field. Write Grc^^, = G{Kx)/G{Ox) for the 
corresponding version of the affine grassmanian. 

Write J-Q for the 'trivial' G-torsor on X given by Mq = © ^2" with standard symplectic 
form A^Mo O. 

For a /c-algebra R write Xr = X x Speci? and X^ = {X — x) x Speci?. By jTJEI, GrG,x is 
the functor on the category of /c-algebras sending R to the set of isomorphism classes of {J-^Gi 
where J-q is a G-torsor on Xji and v : J-G—^^r \x* is a trivialization outside x. 
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Let M denote the vector bundle on X induced from !Fg via the standard representation of 
G. Set = M ®Ox and Mq^^ = Mq®Ox- Then C Mq^^ (g)©^ K^, is a sublattice, and we 
continue to denote by C the hne bundle on Gvq^x with fibre det(Mo,a; : M^). Then Gvg,x and 
Sph(GrG'^2.) are defined as in Sect. 8.1. 

Write Gtq x<i for the functor associating to a A;-algebra R the set 

{(xi, . . . ,rcrf) G X'^{R), a G-torsor on Xr, Tq'^ U^-uxJ 

Here Xj G X{R) are thought of as subschemes in Xr by taking their graphs. 

Let denote the functor sending a /c-algebra i? to the set {(xi, . . . , x^) G X'^{R), fi), where 
fi is an automorphism of J^q restricted to the formal neighborhood Xr^d of D = xi U . . . U Xd 
in Xr. So, G^d is a group scheme over X'^, whose fibre over (xi,...,Xrf) is YliG{Oy-) with 
{yi, . . . , Us} = {xi, . . . , Xrf} and yi pairwise distinct. 

Let C be the line bundle on Gvg,X" whose fibre is detRr(X, Mq) detRr(X, M)~^, where 
M is the vector bundle on X induced from J^q via the standard representation of G. 

Lemma 10. For a k-point (xi, . . . , Xd, J^g) of Giq j^d let {yi, . . . , y^} = {xi, . . . , Xd} with yi 
pairwise distinct. The fibre of C at this k-point is canonically isomorphic (as 'L/2'L- graded) to 

®Udei{Mo,yr. My^) □ 

One checks that the natural action of Gxd on Gtq xd lifts to a G^d-equivariant structure 
on C. We have Gtq xd and Sph(Grfj j^^^d) defined as above. 

8.3.1 Consider the diagram of stacks over X^, where the left and right square is cartesian 
GrG,x X GrG,x '"^ Cg,x ""^ Convex Gr^^xa 

■j, J/- •I' -L 

GrG,x X GiG,x Cg,x Convex Gr^^xa 

Here the low row is the usual convolution diagram ^7], (5.2). Namely, Cg,x is the ind-scheme 
classifying collections: 



xi,X2 G G — torsors J-q,J-q on X with trivializations Vi : J-q -^J'g \x- 
n ■ t1 tO I 



(24) 



where X^^ is the formal neighborhood of X2 in X. The map Pg,x forgets /^i. 
The ind-scheme Convc^x classifies collections: 

xi, X2 G X, G — torsors IFq, Tg on X, 
isomorphisms v\ : T\f^ T% \x-xx-, and r] : T}j'^ Tg \x-x2 

The map mx sends this collection to (xi,X2,.Fg') together with the trivialization r] o 

■F'q ^ ^G \x—xi—X2- 



(25) 
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The map qG,x sends (|'24() to the collection , where is obtained by gluing Tq on X — X2 
and Tq on using their identification over {X — X2) H Xx^ via i/^^ o ^j^. 
The canonical isomorphism 

(lh,xrn*xC^ph,x{^^C,) 

allows to define qG,x as follows. Write Mj (resp., M) for the vector bundle induced from 
(resp., J^g) via the standard representation of G. 

A point of Cg,x is given by H24I) together with 1-dimensional vector spaces Bi,B2 and 
Bf^C-pr^. By Lemma [TUl ^ det(Mo,a;, : detMi,a;J. 

A point of Convc X is given by (|25|) together with 1-dimensional vector space B and B^ ^ Cjr^ . 
We have 

, _detRr(X,Mo) detRr(X,Mi)_ , x 1 

the last isomorphism being given by ^1 : det(Mi^2:2) det(Mo.a;2) and -^2,^2 • Define 

9g,x by setting B = Bi B2- 

As in Sect. 8.2 one checks that for Ki,K2 G Sph(GrG'^x) there is a (defined up to a unique 
isomoprhism) perverse sheaf K12 on Convc^x with ■^Ki2-^ Pq xi^^ MK2)- Moreover, —1 S 
^2 acts on K12 as —1. We then let 

Ki *x K2 = mx\Ki2 

Let U C X"^ be the complement to the diagonal. Let j : Giq x'^ (U) ^ Gr^- ^^^2 be the preimage 
of U. Recall that mx is stratified small, an isomorphism over the preimage of U (^7j). So, the 
same holds for the representable map fhx- Thus, Ki *x K2 is a perverse sheaf, the Goresky- 
MacPherson from GvQx'^iU). Besides, —1 G ^2 acts on it as —1. Moreover, Ki *x K2 S 
Sph(GrQjc2), because Gx2-equivariance is clear over Giqx2{U) and is preserved under the 
intermediate extension. 

Recall the group ind-scheme Aut*^ O (cf. Remark |^. Let X ^ X he the Aut*^ O-torsor 
whose fibre is the set of all trivializations Ox^O. It is known that Gr^^x ^X x^^^o^ Gr^ 
(0, 5.3.11). The line bundle C on Gtg,x identifies with the descent of the Aut° C-equivariant 
line bundle O M C under X x Gr^ Gtg,x- Since any K G Sph(GrG) is Aut'^ O-equivariant, 
we have a natural (fully faithful) functor 

TO:Sph(GrG)^Sph(GrG,x)[-l] (26) 

Let glob : Sph(GrG') — > Sph(GrG'^x) denote the functor glob = r'^[l]. 

Now define the commutativity constraint following ^7]. Let i : Gr^^x Giq x'^ be the 
preimage of the diagonal in X^. For Fi, F2 G Sph(GrG') letting Ki = t^Fi define 



K12 \u'-= K12 
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as above (but now it is placed in perverse degree 2). We get 

Ki*xK2^jUKi2\u) (27) 
T°(Fi * F2)'^i*{Ki *x K2) (28) 

So, the involution cr of Gr^j x"^ interchanging Xi yields 

r\Fi*F2)'^i*ju{Ki2 \u)^i*jUK2i \u)^ t\F2 * F^), 

because a*{Ki2 \u)-^K2i \u- (We used the functor instead of glob to avoid the signs 
ambiguity in the commutativity constraints). 

To show that the associativity and commutativity constraints are compatible, argue as in 
([HI, 5.3.13-5.3.17). Namely, one defines for a non-empty finite set / a category (gi/ Sph(GrG) and 
for any surjection /i a functor */j : (gi/ Sph(GrG') — > (g// Sph(GrG'). They are compatible 

in the sense of (loc.cit., (266)). Thus, Sph(GrG') is a tensor category. 

Remark 6. Fix x G X{k). Consider the Hecke stack xT~iG classifying two G-bundles JTq, T'q on X 
together with an isomorphism Tg^^'q \x-x- Let p (resp., p') be the projection xJic Bun^ 
sending the above collection to J^g (resp., J^'q)- Write Bun^ for the stack classifying a G-torsor 
J-Q on X together with a trivialization J^g~* Id^ over the formal disk Dx around x. 

Let 7 (resp., 7') be the isomorphism Bun^. Xg(Ox) ^^G,x —^x'Hg such that the projection 
to the first term corresponds to p (resp., to p'). Write M (resp., M') for the vector bundle 
corresponding to J^g (resp., to J^'q) via the standard representation of G. Write C for the 
(Z/2Z-graded) line bundle on ^Hg with fibre detRr(X,M) ® det Rr(X, Af')"^ Let ^Hg be 
the gerbe of square roots of Both 7 and 7' extend to G(C'a;)-torsors 

7,7' : Bung. xGrcx ^ x'Hc 

For S G Sph(GrG^2.) denote by K15 (resp., by Qi Kl'5) the twisted tensor product viewed 
as a perverse sheaf on x'^G via 7 (resp., 7'). Given S £ Sph(GrG'^a;) there is a (defined up to 
a unique isomorphism) T G Sph(GrG'^a;) equipped with an isomorphism Q^^S^Qi Kl'T. This 
defines a covariant involution functor -k on the category Sph(GrG'^2.) By Remark El we may view 
•k as an involution functor on Sph(GrG) independently of a choice of a trivialization Ox—^O. 

In the same way as for usual spherical sheaves on Grg , one checks that for Ki , K2 , G 
Sph(GrG) we have canonically i?Hom(A"i *K2, i^a) ^-RHom(E:i, K3*D(*ir2)). So^Ks*0{i.K2) 
represents the internal 7iom{K2, K3) in the sense of the tensor structure on Sph(GrG'). Besides, 
i^{Ki * i^2) — ^ {^^2) * i*Ki) canonically. We also have D(*^a) — * •Ax'^ A\ for each A G A+. 

8.4 Functors F". Let P C G denote the Siegel parabolic preserving C © Write 
Q for the Levi quotient, so Q— ^GL„ canonically. Let Ag,p denote the lattice of characters of 
P/[P,P] = Q/[Q,Q] and Ag^p the dual lattice. Let Con G ^g,p denote the fundamental weight 
of G corresponding to the unique simple coroot which is not a coroot of Q. So, w„ is the highest 
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weight of an irreducible subrepresentation in A"M, where M is the standard representation of 
G. Then uon is a free generator of Aq^p- 

The connected components of Grg -j. are indexed by Aq p, the component Grg ^ classifies 
{L e Bun„,i/ : L^O'^ \x-x) such that degL = — (6',lD„). The reduced part GrQ ,j,^^g^ ^ ^^Q,x 
is the ind-scheme classifying (L G Bun„, u : L^O"" \x-x) that induce an isomorphism 

detL'=^0{-{e,u;n)x) (29) 

Following for ^ G Ag,p let denote the ind-scheme classifying: {J^p,u), where J^p is a 
P-torsor on X and u : J-p^J-p \x-x is a trivialization such that {Tp XpQ,!^) lies in Grg ^. In 
other words, 5p classifies a P-torsor given by an exact sequence ^ Sym^ L ^7 ^Q^O on 
X with L E Bun„, a splitting of this sequence over X — x, and a trivialization : L^O"^ \x-x 
with deg-L = — The reduced part {Sp)red is given by the addidtional condition that u 
induces an isomorphism H29|) . 

We have a map s^p : Sp —>■ Gtg,x sending {J-'p, v) to (jTp Xp G, u), its restriction {Sp)red 
GrG,x is a locally closed immersion. 

The map 5^ : 5^ — Grg^a; is defined in a similar way using the lagrangian subbundle 
il" C © 0,^ that defines the opposite parabolic subgroup P C G. 

Write tp : 5p ^ ^^Q,x projection sending {!Fp, v) to (.Fp XpQ,u) and tp : Grg .j. 

iSp for the natural section, similarly for P. 

Fix an isomorphism Gm — >■ Z{Q), where Z{Q) is the center of Q, in such a way that Gm ^ -Z^(Q) 
acts adjointly on the unipotent radical U{P) C P with strictly positive weights. The sub- 
scheme of Z((5)-fixed points in Gr^ is Q{K)G{0) / G{0) , its connected components are Gr^ ^g^, 
^ £ Ag,p- One checks that 

{x S Gr^^a; I € Grg ,j, ,,g^} = {Sp)red and 

{x G Grcx I lim tx G Gr^ J = (5'|),.ed 

Consider the diagram 



^p 








Cr' 





obtained by restricting the gerbe Gtg^x — > Gtg^x with respect to the corresponding maps. 

Lemma 11. There exists a canonical P{Ox)-equivariant section i^p : Sp Sp of the gerbe 
Qd ^ Qd 

Op ^ Op. 

Proof Remind the line bundle C on Gr^ a; introduced in 8.3. Consider the map GrG,x Bun^ 
sending {J^g,i^ '■ ^g—^^g *o -^g- The restriction of A under this map identifies canoni- 

cally with£-i®detRr(X,Mo), where Mq = O^eO". Since det Rr(X, Mq) ^ det Rr(X, 0)®2n^ 
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we get a cartesian square 

GrG,x Bunc 
i i 

Remind the map D defined in Lemma [3 Now the diagram 

Sp — > Bunp Bunc 

GrG,^. Bunc 

yields the section Zp. 

To see that it is P(C'a;)-equi variant, rewrite it in local terms as follows. On Gr^ ^ we have 
the Z/2Z-graded (5(Ox)-equivariant line bundle, say qC, whose fibre at {L, \x~x) is 

det(Lo® O:, : L(g>Ox) 

with Lq = O^. Hence {t^p)*gC is a P(Oj;)-equi variant line bundle on Sp. The canonical Z/2Z- 
graded P(C'a;)-equivariant isomorphism (Sp)*£^ (tp)*(6i£)'^^ defines the section ip via 3.1.2. 

□ 

Define the functors F^F'^ : Sph(GrG,x) ^ D(Gr^,a;) by 

F'\K) = (t^),(i^)*(4)*i^ and = F'\K) Qi[l]{^)^^^''^^-^^'^^ 

We have used the fact that 2{p — pg) G A^^p. 

Remark 7. We could replace in the definition of and F'^ the ind-schemes Sp and Grg ^ 
by their reduced parts, the corresponding functors would be canonically isomorphic to the old 
ones. In some geometric questions we work rather with the corresponding reduced ind-schemes 
(without indicating that explicitly, for example in Proposition ll2l and ll5l Corolary^and so on). 

Proposition 12. The functor F^{K) maps Sph(GrG'^2^) to the category Sph(GrQ ,j,) of Q{Ox)- 
equivariant perverse sheaves on Gtq ^ . In particular, it is exact. 

Proof By Lemma El combined with Proposition 1191 we get the hyperbolic localization functors 
Sph(GrG,x) D(GrQ given by 

K ^ ix%Y{l%)-K ^ {i'p)-iB'pYK = K'-* (30) 

By Lemma ITTl we have moreover /^■*^(tf, X id)!(4)*E:, where 

t'pXid:S'p = S'pX B{iJi2) ^ Gr^^, xB{p2) = Gyq^x 

The complex K^-* is (5(Ox)-equivariant, because both 5p and tp are (5(C'x)-equivariant. The 
dimension estimates given in ([4,, Proposition 4.3.3) show that F^{K) is placed in non-positive 
perverse degrees. Now (|30() garantees that F^{K) is placed in non-negative perverse degrees. □ 

Let wq (resp., Wq ) denote the longest element of the Weil group W oi G (resp., Wq of Q). 
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Corollary 1. i) Let A € A"*" and 9 he the image of \ in Ag,p- Then Aq^x (resp., A.Q_^Qi^y^) 
appears with multiplicity one in F^{A\) (resp., in F~^{A\)). 

ii) The functor F : Sph(GrG' x) Sph(GrQ x) given by F = © F^ is exact and faithful. 

Proof i) Note that S^p n Gr^ is open in Gr^. Moreover, Gr^ n Gr^ = Gr^. Since P/Q is affine, 
Grg ^ is a closed immersion. So, Grg n Gr^ ^ Sp D Gtq is a smooth closed subscheme. 
It follows that (r^)'(s^)*^A 

is a shifted constant sheaf over Grg. The first assertion follows. 
For the second, note that Grg^ n Gr^ = Grg"'" and the map 

tp^ : Sp^ n Gr^ Giq^ 
is an isomorphism over the Q{0)-OThit Giq^° 

ii) Since F is exact, to show faithfulness, it suffices to prove that F does not annihilate a nonzero 
object. To this end, it suffices to show that F{Ax) ^ for any dominant coweight A, which 
follows from i). □ 

8.5 Example: explicit calculation Let a G A+ denote the coroot of Sp2„ corresponding 
to the maximal root Omax of Sp2n- So, a is the highest weight of the standard representation 
of the Langlands dual group S02n+i of Sp2n- For this subsection take G to be that of 8.1 for 
Mo = O" © 0^. Following ([S], Sect. 4.5.12) the closure of Grg, in Gr^ is described as 
follows. 

The G(/c)-orbit V in Gr^j passing through a{t)G{0) is identified with the projective space 
y~p2n-i^ and Grg. is the total space of the line bundle 0(2) over V. 

Let V = ip2"'-i ^ p7i(2n+i)-i ^j^g Veronese map. Write xi, . . . ,X2n for the homogeneous 
coordinates in p^n-i with 1 < i < j < 2n for the homogeneous coordinates in p"(2"+i)-i^ 

Then the inclusion is given by tij = XiXj. Its image is the subscheme defined by homogeneous 
equations 

Ujtki = tiktji (31) 

for all i,j, k, I whenever this makes sense. 

One may identify the Lie algebra of Sp2„ with A"^^"'"'"^-' in such a way that the set Z of ele- 
ments Sp2„-conjugate to a multiple of the maximal root becomes the subscheme Z C A"^^""^^) = 
Spec given by equations (|3T|) . Let A € Z denote the origin of this cone. Let Z C 
be the projective closure of Z. Then Gr,^ = Z and Grg = Z — A. 

The projection n : Z — A ^ V is an affine fibration on which 0(2) acts transitively and 
freely (and the corresponding torsor is trivial). So, vr* yields a diagram of isomorphisms 

Cl(y) ^ Cl(Z-A) ^ C1(Z) 

i i 
Pic(y) ^ Fic{Z-A) ^ Z, 

where for a variety S we denote by 01(5") the Weil divisors class group. 
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Write {tij,w) for the homogeneous coordinates in ]p"(2n'+i)_ j^g^ ^j^g subschema V G Z he 
given by u; = 0, it is a section of tt. We have Z = Z — V. 

The image in Cl{V) of the hyperplane section of p"(2n+i)-i jg 2. It follows that the image 
of V in C\{Z) is 2 and C1(Z)^Z/2Z. 

Let L C Z denote the preimage under vr of the subscheme of V given by xi = 0. Denote 
again by L the corresponding Weil divisor on Z. Then L is not locally principal in Oz,a- Indeed, 
let p C Oz,A denote the ideal corresponding to L and mz,A C Oz,a the maximal ideal. Then 
iij (1 < ^ < i < n) form a base in the cotangent space mz,A/^% and the elements tij G p 
(1 < j < n) are hnearly independent in mz,A/^% a- So, PicZ = 0, and O^iy) generates Pic(Z). 
The image of Oz{V) under the composition 

Pic(Z) ^ C1(Z)^ C\{Z -A)^'Pic{Z-A)^Z 

is 2. In other words, 02-a{^) does not extend to a line bundle on Z. 

The line bundle C identifies with Cpn(2n+i)(l) \z- Let Z ^ Z denote the /X2-gerbe of 
square roots of this bundle. We see that this gerbe is nontrivial, though trivial over Z — A. 

Set Y = A^" = Spec k[xi]. Let r : F — > Z be the map given by tij = XiXj. Clearly, 
Y — T~^{A) Z — A is a S'2-Galois covering. 

For a coweight A of Q denote by Aq^\ the intersection cohomology sheaf of the (5(0)-orbit 
on Gtq passing through X{t)Q{0). 

Proposition 13. 1) The sheaf Aa is the extension by zero from Z — A. 

2) We have F'^{Aa) = 0. For 9 £ Aa,p such that {9,Con) = I we have F^{Aa)^ Aq^a and 
F-'{A^)^Aq,-^. 

Proof 1) Note that Oz-a{L) generates the group Pic(Z - A)^ C\{Z - A)^ C1(Z) =;Z/2Z. 
The gerbe Z is obtained by gluing together trivial gerbes Z x B{iJ,2) and {Z — A) x B{^2) over 
Z — A. The gluing data is an automorphism of the gerbe {Z — A)x B{fi2) which can be described 
as follows. 

An S'-point of {Z — A) x -B(/i2) is a line bundle H on 5 together with B'^^Os and a map 
S ^ {Z — A). Our automorphism sends this point to the same map S ^ {Z — A) and replaces 
B hy B tensored with the restriction of Oz~a{L) to S. 

We have the /X2-torsor over Z — A consisting of those sections of Oz-a{L) whose square is 
1. This is exactly the Galois covering Y — t~^{A) Z — A. 

Let W denote the nontrivial rank one local system on B{iJ,2) corresponding to the covering 
Spec k — > B{ji2)- If we identify our gerbe over Z with Z x B{^2) then over that locus Aa becomes 
the exteriour product NMW , where N is the nontrivial local system on Z — A extended by zero 
to A and corresponding to the covering Y — t~^{A) Z — A. 

2) Considering Gr^ as a subscheme of Gr^, one checks that Gr^ nGr^ is the point scheme 
1 G Grg. Consider the *-restriction N \znL- Since the !-fibre at A of AT \znL vanishes, we get 
F^iAa) = 0. 

Let 6 G A(3_p be such that {6,Con) = 1- Recall the map tt : Z — A^V. We have 

Grgn5|> = 7r-\Fo), 
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where VqCIV = ¥{Mo{x)/Mq) is the complement to P(Lo(x)/Lo). In other words, GrgnS"!, C 
Gr^ is the open subscheme given by the condition that the hne (M + Mq)/Mq is not contained 
in Lq{x)/Lq. Further, Gr^-nGrQ = Grg. The isomorphism (Aa)—^ Aq^a follows. 
We have GiqDSp^ = Gr^". This yields the last isomorphism. □ 

Remark 8. Let \ € A+ and 9 e Ag,p. If -F^(A) / then 

-(A,cl;„) < (^,cu„) < (A,w„) (32) 

Indeed, if Sp D Gtq ^ then (|32|) holds. More generally, for a reductive group G and its 

parabolic subgroup P the condition Sp n Gr^ / implies (A,wo(A)) < A) < (A, A) for any 
A G Afj^p which is dominant for G. 

8.6 The functors F^^ 

Let Gr Q denote the ind-scheme classifying (xi, . . . , x^) G X"^ and L G Bun„ with trivialization 
j_^~Qn |jY_2,jU...uXfj- Its connected components are indexed by A^^p, the component Grg is 
given by degL = — (6',lD„). We have a natural map Grg^^d Gyq x<i sending the above point 
to L © {L* (8) il) with the induced trivialization outside Xi. The composition 

(GrQ_xd)red ^ Grg j(^d Gr^r^^d 

is a closed immersion. 

For 9 G Ag-^p denote by Sp^a the ind-scheme classifying collections: (xi, . . . ,Xd) G X'^, a 
P-torsor J^p on X with trivialization v : J^p \x-xiU...uxa such that the induced Q-torsor 

J^P xpQ lies in Gr^ -^j. Here J'-p is the G-torsor J^q = ©fi" with P-structure corresponding 
to the lagrangian subbundle O^. 

Considering J^p as J-q with P-structure given by O", one similarly defines the ind-scheme 
Sp As in 8.4, one defines a diagram 

W , T ^^^^ 

Both {S^p xd)red and (S"^ ^d)red are locally closed in Gr,^ jj^^d, and their intersection is (Gr^ xd)red- 
For a fe-point (xi, . . . , Xd) G X*^ with {xi, . . . , x^} = {yi, . . . , y^} and j/j pairwise distinct, 
the fibre of the diagram over (xi, . . . , x^) G X"^ is 

T T 

U (DiGrg ) ^ U (11^4') 

ei+...+es=e '^'^^ 6»i+...+6»s=e' 
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Similarly to Gjs^d, one defines a group scheme Qx^ (resp., Px<i) over X'^, it acts naturally 
on Grg (resp., on S^p ^^). Denote by Sph(Grg the category of Qx^-equivariant perverse 

sheaves on Gr^ . Let us define the functors 

: Sph(GrG,x.) - D(Gr^ ,,,) 

Let 5^pxd • ^px'' ~^ ^^G,X'i be the map obtained by the base change Gr^^ jj^^d GvQ xd 
from (jHSJ- As in Lemma ITTl one defines a Pjfd-equivariant section ip-^d '■ Sp-^a ^ ^px^ °^ 
gerbe Sp^^ S^p x<i- We have a Qx^-equi variant line bundle e^x^* Gr^ whose fibre at 

(L, L ^ \x-xiU...Uxa) 

isdetRr(X,C'^)®detRr(X,L)-i. As Z/2Z-graded, it is placed in degree b(6l) := {9,uJn) mod 2. 
The canonical P^d-equivariant Z/2Z-graded isomorphism 

yields ^p^^^d via 3.1.2. Set 

F'^diK) = {x%x^)\^p^x^ni%x^rK and ^^(i^) = FjfdW Q.[l](^)^<''''^-'^«> 
Note that 

F'^d{K)^{i%,^M^p^^dr{B%^x^rK 

where tp^^j '■ ^px'^ ^ corresponding contraction map. 

Remind the definition of the tensor category Sph(GrQ^2:)^- Equip Sph(GrQ^i,0 with the con- 
volution product, associativity and commutativity constraints given by the fusion procedure, 
then Sph(GrQ_a;) is a tensor category (j^, 5.3.16). It has a canonical Z/2Z-grading compatible 
with the tensor structure, namely Aq^x is even (resp., odd) if dim Grg is even (resp., odd). The 
latter condition depends only on the connected component of G'tq^x containing Grg .j.. 

Following ([B|, 5.3.21), we define Sph(GrQ^2;)'' as the full subcategory of even objects in 
Sph(GrQ^a;) Vect*^. We have an equivalence of monoidal categories Sph(GrQ^j;)^ — > Sph(GrQ_a;) 
(i.e., it is compatible with tensor product and associativity constraints), and the commutativity 
constraints A ^ B ^ A in these two categories differ by (^—l^'^^s^'^'^^^. 

Let : Sph(GrQ .;;) — > Vect*^ denote the global cohomology functor. Since h'^ is a tensor 
functor compatible with Z/2Z-gradings, it gives rise to a tensor functor 

h : Sph(GrQ,^.)^ ^ Vect 

By 112], /i is a fibre functor, and there is an isomorphism Aut® h^Q, where Q is the Langlands 
dual group to Q (in 5.3.23 some properties of the action of Q on /i are listed, which determine 
this isomorphism uniquely). Thus, Sph(GrQ^a;)^ ^Rep(Q) canonically as tensor categories. 
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Consider 

Sph'(GrQ,,) := e Sph(G4j[(e,2pQ-2p)]cD(GrQ,,) (34) 

eeAcp 

equipped with the convolution product, commutativity and associativity constraints given by 
the fusion procedure, so Sph'(GrQ 2^^) is a tensor category. 

Lemma 12. There is a canonical equivalence of tensor categories Sph'(GrQ)^ Sph(GrQ)''. 

Proof Note that 2(p — pq) = (n + l)tD„ G ^g,p- Consider the case of n odd. In this case pQ £ A, 
so ah Q(C')-orbits on Grg are even-dimensional and Sph(GrG')^ Sph(GrG)''. In this case the 
shifts in (|34|) are even, and we are done. 

Consider the case of n even. The component Grg ,j; is even iff {6,uJn) is even. So, in (|SH) the 
even (resp, odd) objects of Sph(GrQ^x) are shifted by even (resp., odd) cohomological degree. 
Our assertion follows. □ 

Equip Sph'(GrQ^2;) with a new Z/2Z-grading such that K G Sph'(GrQ .j.) is placed in degree 
b(^). This Z/2Z-grading is compatible with the tensor structure. Denote by Sph'(GrQ -c)^ the 
category of even objects in Sph'(GrQ^^) (g) Vect*^, it is equipped with the induced Z/2Z-grading. 

The proof of part ii) of the following proposition is postponed to Sect. 8.7. 

Proposition 14. i) The functor F' : Sph(GrGx) ^ Sph'(GrQ given by F' = ® F'" is a 

6»gAg,p 

tensor functor. 

ii) There is a unique 7j/2Z- grading on Sph.{GrQ .j.) such that F' is compatible with Z /2Z- grading s. 

Proof i) Pick Fi,F2 G Sph(GrG). Set Ki = r^Fi, 

K = F^2 (Ki *x K2) and K' = F'^2 {Ki *x K2), 

where is given by H26() . By abuse of notation, write also : Sph(GrQ) — > Sph(GrQ^x)[— 1] 
for the corresponding functor for Q. 

Step 1. Recall that U C X'^ denotes the complement to the diagonal. Write Gvq x^{U) for the 
preimage of U in Gtqx^- We have a ^2-gerbe q : {Gtg^x x Gr^^x) \u^ Gicqx^^U) (defined as 
the map qG,x in 8.3.1). The complex q*{Ki *x K2) identifies canonically with {Ki M K2) \u- 
Denote by i^ the composition 

For 9i + 62 = the following diagram is 2-commutative 

{GvG,x xGvG,x)\u ^ GtgM^) 
^^p,x ^ ^p,x) \u ^ Spj^2{U), 
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where the low horizontal arrow is the natural open immersion. However, the 2-morphism rending 
this diagram 2-commutative is well-defined only up to a sign, we normalize it as follows. 

Write b£lX'^ li'^^ bundle e^^x'^ viewed as ungraded. It suffices to pick an isomorphism 

where . {Qx^q ^ x Gt^q ^) ^^'qx2(^) natural open immersion. The order of 

points in X"^ yields such e^^'^^, and the usual Leibnitz rule is satisfied. 

Namely, remind that a denotes the involution of X'^ permuting the points. For the diagram 

(G4\x X Gr|;,) It; Grlx.{U) 

(Grg^xGrg^^)!,; Gr%x,{U) 
the following diagram commutes 

'y*{f eLx^ ^ {f'^'^Y<y*eLx^ ^ {f'^'^YeLx^ 

T e i sign (35) 

a*{e,Lx^e,Lx) ^ e,Lx^e,Lx ^ {f'^'^TeLx^, 

where sign = (— l)''(^'i)K^'2)^ ^-^^ ^j^g isomorphisms denoted by ^ are the canonical ones. 
Step 2. Note that Gr^^^2(f/) is the disjoint union of (Gr^^^^ x Gr^^^) \u for Oi + 62 = 8. 
Let us show that K[2] is a perverse sheaf on GrQ^2, the Goresky-MacPherson extension from 
Giq ■^2{U). More precisely, we show that e as above yield an isomorphism 

(rOF'(Fi)) *x (r°F'(F2))^Fj,2(i^i *x K2) (36) 

Indeed, e^^'^^ yields an isomorphism between the restriction of K' to (Grg x Grg jj^^) \u 

and 

So, K[2] is a perverse sheaf over Grg j5^2(C^). Using (|28|) . we learn that the *-restriction of K 

under the diagonal embedding Grg^x G,tq x^ identifies with t^F^{Fi * F2), so it is placed 
in perverse degree 1. Now argue as in Proposition 1121 using the corresponding Gm-action on 
Giq^x^. By Proposition 1191 the !-restriction of K under Grg^x GrQ x2 is placed in perverse 
degree 3. We have constructed the isomorphism (jSEI)- 

Restricting to the diagonal, it yields t^{F'{Fi) * F' {F2))^ F' {Fi * F2). 

Step 3. Let us check the compatibility with the commutativity constraints. Using p5|) one 
shows that the diagram commutes 

a*{T^F'{F^)*xr^F'{F2)) '^^^ a* F'^,{K^ * x K2) 

T T 

T°F'(F2) *x tOf'(Fi) F'^,{K2 *x K,), 
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where the vertical arrows are the canonical isomorphisms, and sign is that from Step 1. We are 
done. □ 

8.7 The structure of Sph(GrG) 

Recall that Afj p is canonically identified with the lattice of characters of the center Z{Q) of the 
Langlands dual group Q of Q. For a representation V of S02n+i and 9 G A^^p write Vg for the 
direct summand of V on which Z{Q) acts by 9. 

For A G A"*" write for the irreducible representation of S02n+i of highest weight A. Write 
iOi £ A+ for the fundamental coweight of G corresponding to the representation A^V" of S02„+i, 
i = 1, . . . ,n. Let Loc : Rep{Q) — > Sph(GrQ)^ denote the Satake equivalence, normalized to send 
an irreducible representation of Q with highest weight to Aq^^. 

Proposition 15. Let A G A+ and 9 be the image of A in Ag,p- Then F^{Ax)^ Loc{V^) 
canonically. In particular, {Au}^)^ Aq ^^j, for {9,L0n) = 

Proof We could similarly define the functor : Sph(GrG') Sph(GrQ). Write A\^oid for 
the corresponding object of Sph(GrG'). We claim that F^ (Ax)^ F^ {Ax,oid) canonically for our 
particular 9. 

Indeed, n G^^ ^ G^G 

is an open immersion, and the gerbe Sp Sp is trivial. So, the 

*-restriction of under SpPlGr^ — > Grc is the Goresky-MacPherson extension from SpCiGiQ. 
The assertion follows now from (Proposition 4.3.3 and Theorem 4.3.4,(1]). □ 

Proposition 16. i) If 1 < i < n then A^j- appears in A^^. 
ii) For X, fi £ A the multiplicity of Ax+^ in Ax A^ is one. 

Proof i) Let 9 G Ag,p be given by {9,ujn) = i- By Proposition [H F{Af)'^{AQ,a®AQ-a)^\ 
So, F^{Aa^)^ Aq^^. Applying an appropriate symmetrazation functor (either invariants or 
anti- invariants) , one gets a direct summand V C A^^ such that F^{V)^ Aq^uj^- 

If appears in V then F^{Ax) C F^{V), because F^ is exact. Besides, A < ia in the sense 
that Gtq C Giq, so {X,uJn) < i- If (A,lD„) < i then F^{Ax) = by Remark |S1 If (A,lD„) = i 
then, by Corollary Aq^x appears in F^{V)^ AQ^uji, so A = Ui. The assertion follows. 

ii) Consider the convolution map m : as in Sect. 8.2. Its restriction to the 

open subscheme Gr^ x Gr^ ^ Gr^+'' is an isomorphism, as follows from f |17j. Lemma 4.3 and 
formula 3.6). We are done. □ 

Proof of Proposition \14\ ii ) 

Can an object K £ Sph(GrG) even (resp., odd) if F%K) = unless \>{9) = (resp., b{9) = 1). 
Prop osition 1 1 1 1 combined with Proposition 1161 shows that Aa is a tensor generator of Sph(Gr(3). 
Since Aa is odd, we get a Z/2Z-grading on Sph(GrG) compatible with the tensor structure. 
Moreover, F' is compatible with the gradings. The uniqueness of the Z/2Z-grading is clear, 
because Aa is irreducible. □ 

Definition 6. Let Sph(GrG^a;)'' be the category of even objects in Sph(GrG,a;) C3 Vect*^. 
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By Proposition El we get a tensor functor F' : Sph(GrG,a)'' ^ Sph'(GrQ,^.)- Denote by F^ 
the composition 

Sph(GrG)^ ^ Sph'(GrQ)^ Sph(GrQ)^ 
Let h : Sph(GrG')^ Vect denote the tensor functor h = ho fK 

Corollary 2. There is an affine group scheme G over such that Sph(GrG')^ and the category 
Rep(G') of <Q£-representations of G are canonically equivalent as tensor categories. 

Proof By Corollary ^ for each nonzero A G the rank of h{A\) is at least 2. By (Propo- 
sition 1.20, ini), Sph(GrG)'' is a rigid abelian tensor category (cf. Definition 1.7, loc.cit) and 
h : Sph(GrG')^ — > Vect is a fibre functor. Our assertion follows now from (Theorem 2.11, 
loc.cit.). □ 

Write for the representation of G corresponding to A\, A S A'^. The functor F^ : 
Sph(GrG)^ ^ Sph(GrQ)^ yields a morphism Q ^ G. By Proposition HSl W = ® C/°*, 
where is the irreducible representation of Q of highest weight a. Since W"' is a faithful 
representation of Q, it follows that Q — > G is an injection. 

Since is a tensor generator of Sph(GrG)^ G is of finite type. We also get that G C 
SL(VF"). Indeed, the only object of rank one in Sph(GrG)'' is so G acts trivially on det W". 

Let S G Rep(G') be such that the strictly full subcategory of Rep(G'), whose objects are 
isomorphic to subobjects of is stable under the tensor structure. Then Q acts trivially on 

-F^(5), because Q is connected. If Q acts trivially on some F'^{Ax) then A = by Proposition [T5l 
So, 5 is a multiple of ^o- By ((Hj, 2.22), this implies that G is connected. Now by {loc.cit., 
2.23), G is reductive. 

The above Z/2Z-grading on Sph(GrG)'' gives rise to a group homomorphism ^2 G. 

Lemma 13. For i = 1, . . . ,n the multiplicity ofW^^ in f\^W°^ is one. IfW^ appears in A^VF" 
and \^ tOi then {X,iJn) < i. 

Proof Let 9 G Ag,p be given by (6*, w„) = i. The direct summand of AW" = A*(C/° © U"*), on 
which Z{Q) acts by 6 is A*f7". It follows that F^(AMa) = -^Q,uii, where we denoted by A^Aa 
the object of Sph(GrG)'' corresponding to A'^W". 

If appears in AW" then F^{Ax) C F^(AMa), because F^ is exact. Besides, A < ia in 
the sense that Gr^ C Grg, so (A,w„) < i. If (A,lD„) < i then F^{Ax) = by Remark H If 
(A,tD„) = i then, by Corollary^ •^Q,x appears in F^{A^Aa) = •^Q,uj^, so A = u>i. The assertion 
follows. □ 

Proof of Theorem\^ 

Step 1. Let us show that Aa * Aa-^ A^a © A^^ © ^0 for n > 2 and Aa * A^-^ A2a © -^o for 
n = 1. Indeed, by Proposition A2a © A^^^ appears in Aa * Aa. Let Q G Ag,p be given by 
(6',ci}n) = 2. By Proposition HSl -F''(^2a) ^^(3,2a and F*^ {A^,^)^ Aq^^^^. We have 

F''(^, * ^„)^ Loc((iy" © VF")e)^ Loc(i7" © ^7")^^Q,2a © ^q.o.^ 
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So, Aa * Aa A^a © Ai^^ © K for some K G Sph(GrG) such that F^' [K) = unless (0', w„) < 2. 
Since Aa is odd, is even, so K is multiple of ^o- The disired assertion follows now from 

Hom(^Oi ■^a * Aa) ^ Hom(^Q, ^ Q^. 

Step 2. Let us show that appears in K^Aa- Assume the contrary, that is, appears in 
Sym^ Aa- Then n > 2 and G C SO(VF") for the symmetric form Sym^ ^ [/" o \J'^* ^ Q^. 

Let tj (resp., ^7~) denote the unipotent radical of the Siegel parabolic P C SO(VF") (resp., 
P- C SO(VF")) preserving the isotropic subspace f7" C 1^" (resp., C/"* C W^"). The Lie 
algebra Lie G is a Q-subrepresentation of 

so(PF") = 0l(?7°) © Lie(?7) © Lie(?7-) 

Since Lie IJ and Lie f7~ are irreducible Q-modules, G coincides with one of the groups 
g,P,p-,SO(l^°). Since G is reductive, it is either Q or SO(Ty°). Since VF" is not irreducible 
as a representation of G / hence G = SO(T^°). 

Now Lemma Cni shows that hJ'W'^ ^ M^"^" © for some A G A"^ with (A, cij„) < n. Let 
f/ denote the kernel of the contraction map A"~^[/° © C/"* ^ A"~^C/", this is an irreducible 
Q-module. By the representation theory for S02„, we have 

• ?7 C VF^ C A"(C/" © as Q-modules; 

• if a weight Q of Z{ff) appears in then ci>„) < n — 2; 

• for lD„) = n — 2 the direct summand of W"^ on which ^(Q) acts by 9 is f/. 

Let 6 be the image of A in Ag,p, we get F^{A\)^U. By Corollary^ ^q ;s^^[/. However, 
the highest weight of U does not lie in A+. This contradiction yields our statement. 

Step 3. We know aheady that G C Sp(l^") for the form A^l^" ^ C/'^ © Qe- Let 

P C Sp(W^") (resp., P^ C Sp(l^")) denote the Siegel parabolic preserving the lagrangian 
subspace C/" C W°' (resp., U"* C W"). As in Step 2, one shows that G coincides with one of the 
groups Q, P, P~, Sp(VF"). Since G is reductive, it is either Q or Sp(V7"). The Q-representation 
W"' is not irreducible, so G = Sp(l^'^). □ 

9. Hecke operators 

9.1 According to A. 3, inside of D(BunG) we have the full triangulated subcategories D-i-(BunG). 
Let us define for each K G Sph(GrG') a Hecke operator H(K, .) : D(BunG') — > D(X x Bunc) 
sending D-i-(BunG) to D±(X x Bunc). 

Denote by Tic the Hecke stack classifying {J^GiJ^g^^ ^ where Tg-,^'g G-torsors 

on X, and /3 : Tg^J'g \x-x is an isomorphism. We have the diagram 

BuuG ^Hg^ Buug, 
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where p (resp., p') sends the above point to J^c (resp., to J^q)- Let Hg be the stack obtained 

from Bunc x Bun^ by the base change Hg ^ Bunc x Bunfj. Denote by p,p' the projections 
that fit into the diagram 

Bunc ^ Hg Bunc 

Bunc <^ Hg ^ Bunc 

Recall that the 'trivial' G-torsor JT^ on X is given by Mq = ® O". Write Bun^^x for 
the stack classifying triples {Tg,x G X,u), where J^g € Bun^ and u : Tg—^^ \dx is a 
trivialization over the formal disk Dj; at x G X. Then Bun^^x is a Gx-torsor over X x Bung. 

Set Buncx = Bun^ XBunc Bun^x- 

Denote by 7 (resp., 7') the isomorphism Bung^x ^Gx G^G.x —^Hg such that the projection 
to the first term corresponds to p (resp., to p'). Recall the line bundle A on Bung (cf. 3.2). We 
have canonically 

y*p*A^A^c-^ 

This yields a Gx-torsor Bun^^x x Gr^^x Hg extending the Gx-torsor 

7' 

BunG,x X GrG,x ^ BunG,x XGx GrG,x Hg 

So, for S G Sph(GrG,x) and T G D(BunG) we can form their twisted tensor product TIEliS G 
B{Hg). Set 

H(5,T) = (supp xp)i{TMS), 

where supp : Hg ^ X is the projection. In a similar way, for any 5 G Sph(GrG^xrf) defines 
the functor H(5, .) : D(&^nG) ^ D(X'' x B^oig). _ 

Recall the functor glob : Sph(GrG) ^ Sph(GrGx) (cf. 8.3.1). For K G Sph(GrG) set 

H(K,r) = H(giob(K),r). ' _ 

The Hecke functors commute with Verdier duality DH(if, T) H(Di^, DT), because Gtg is 
ind-propcr. Besides, they are compatible with the convolution product on Sph(GrG), namely, 
for Si,S2 G Sph(GrG,x) wc have canonically H(52, H(5i, T)) ^H(5i *x S2-,T). 

The geometric Langlands program for the metaplectic group would be a trial to understand the 
action of Sph(GrG)'' on D_(BunG), that is, to look for automorphic sheaves or, more generally, 
for a 'spectral decomposition' of D_(BunG) under this action. 

Recall that the metaplectic representation is automorphic. In the geometric setting this is 
reflected in the following Hecke property of Aut. Set 

2n — 1- 2n — 3 - 1 — 2n 

St = Q42n - ) e Qe[2n - 3](^— ) © • • • ® Q^l - 2n](^— ), 

so St has cohomologies in odd degrees only and D(St) ^ St as a complex over Spec k. 
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Theorem 4. Over X x Bunc we have 

R{Aa,Autg)^ St[l](^)KAut, 
H(^a,Aut,)^ St[l](^)KAutg 

9.2 Proof of Theorem^ 

Let TCq C Ti-G be the locahy closed substack given by the condition that is in the position 
a with respect to J^'q (or, equivalently, J^'q is in the position a with respect to J^g)- Set 

Lemma 14. There exist isomorphisms 

K, k! -.Hg'^ (Bunc XBuncWc) X -S(Ai2), 

where we used p : TLq — > Bun^ (resp., p' : TLq Buug) in the fibred product, and the projection 
to the first term corresponds to p : TCq Bunc (resp., to p' : TCq Bun^J. 

Proof A point of TYg. is given by [TgiJ^'g-- x ^ X,(3) ^ TCq, two 1-dimensional vector spaces B, B' 
with B'^'^ detRr(X,M), B''^^ detRr(X,M'). Here M,M' are vector bundles on X obtained 
from Tg^^'g ^is- the standard representation of G. 

The symplectic form on M induces a perfect pairing (M + M') /M O (M + M') /M' 
Q{x)/Q'^ k between these 1-dimensional spaces. Further, 

detRr(x,M') {M + M')/M yy'"' ^ ) I ) 

Instead of providing B, B' we may provide B, Bo, where dim^So = 1, with an isomorphism Bq ^ k, 
letting B' = B® ((M + M')/M')* O Bq. This defines k. The datum of B' , Bq defines k' . □ 

As above, let W denote the nontrivial local system of rank one on B{fi2) corresponding to 
the covering Speck B{^2)- For the diagram 

X X B^:nG '""^"^ ^ ^UG 

the Hecke operator writes H(^a, i^) ^ (supp xp)!(p'*K (g> K*H^)[2n + 1](^^). 
9.2.1 Stratifications 

Let {x, M) be a fc-point of X x j Bunc. Denote by Y the fibre of supp xp : TIq X x Buug 
over {x,M). So, Y can be identified with the variety Z — A ol Sect. 8.5. Let Yfc denote the 

p' 

preimage of ^Bunc under Y ^ Ti.Q Bunc. We are going to describe the stratification of Y 
by the subschemes Y^. 
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Recall that M G Bun2n with symplcctic form A^M Q, and dimH''(M) = i (for brevity, in 
this subsection we omit the argument X in the cohomology groups) . For a fe-point M' of Y we 
get 

M C M + M' C M{x) 

U U 
M{-x)c MnM' C M' 

and dim(M + M')/M = 1, dim(M n M') /M{-x)) = 2n-l. Actually, (M n M') /M{-x) is the 
orthogonal complement to (M + M')/M for the perfect pairing 

M{x)/M ® M/M{-x) ^n{x)/n^k 

induced by the form on M. Let tt : Y ^ V = P(M(x)/M) be the map sending M' to the line 
M + M'/M. Let N be the image of H°(M) ^ M/M{-x). Set j = dimiV, so dimH°(M(-x)) = 
i-j. Since M^M* 

H°(M(-x))^Hi(M(x))* and H^(M(-x)) ^H°(M(x))* 

The long exact sequence 

^ H°(M) ^ H°(M(x)) ^ M(x)/M ^ H^M) ^ H\M(2;)) ^ 
shows that dimH*'(M(x)) = i + 2n — j, because dimH"'^(M(a;)) = i — j. We have 

H°(MnM')^Hi(M + M')* and H1(M n M') ^H°(M + M')*, 

because (M + M')* O^M n M'. Note that x{M n M') = -1 and x(M + M') = L 
We distinguish three cases 

0) j = 0. So, H°(M(-a;)) = H°(M) is z-dimensional and dimH°(M(x)) = 2n. Then 
H°(M(-x))^H°(M n M') is of dimension i, and dimH°(M + M') = i + 1. Clearly, for 
M+M' G P(M(x)/M) fixed we get a 1-dimensional subspace in (M+M')/(MnM') gener- 
ated by H°(M+M'). So, for M+M' G F fixed there is a unique M' with dimH°(M') = i+1 
and for the other M' we have dimH°(M') = i. 

Thus, TT -.Y has a section F — y, which is the closed stratum l^+i. Its complement 
is the open stratum 1^. 

1) < J < 2n. View V as the space of hyperplanes in M/M{—x). We get a nontrivial 
subspace V C V of hyperplanes that contain N. Distinguish two cases: 

CASE la) N C {M n M')/M{-x) then H°(M n M') = H°(M) is of dimension i, so 
dim H° (M + M') = i + 1. In the fibre ofir -.Y -^V over M + M'/M we get a distinguished 
point corresponding to the subspace of (M + M')/{M D M') generated by H°(M + M'). 
This point lies in j+i Buno, and the complement lies in j Buno. 

CASE lb) ^ (M n M')/M(-.x). Then n (M n Af) is of dimension j - 1. So, 
dim H° (MnM') = i-1 and dim H° (M + M') = i. Since M' 7^ M, we get M' G i-iBunc- 
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So, Y has three nonempty strata in case 1). The map vr : 7r~^(V') — > V' has a section, 
which is the closed stratum Yi^i'^V'. The complement to this section is the middle 
stratum 1^ = 7r~^{V') — V, and the open stratum is = '^'^(V — V). 

2) j = 2n. Then H°(M) = H°(M(j;)) is i-dimensional, so dimH°(M + M') = i and 
dimH°(M n M') = i - I. The image of H°(M) ^ (M + M')/{M n M') is 1-dimensional 
and equals M/{M n M'). So, dimH°(M') = i - 1, because M' / M. 

In this case Y = l^-i. 
Fix in addition a vector space B together with B'^^ detRr(X,M). 

Proposition 17. Let K denote the fibre o/ H(^q,, Aut^) (resp., o/H(^q,, Auts)J at {x,M,B) G 
X X jBunc. Then K = unless i is odd (resp., even). If i is odd (resp., even) then we have 
noncanonically St[l + do — i]- 

Proof g) Consider the case where K is the fibre of H(^q,, Aut^). Assume i even, so only the 
stratum Kj of Y contributes to K. 

If J = then is a G^-torsor over V, and the restriction of Aut^ to a fibre of vr : 1^ — > y 
is a nontrivial local system of order two, so -R' = in this case. If j = 2n then K = because 
Y = 1^-1. If < j < 2n then 1^ is a Gm-torsor over V', and the restriction of Autp to a fibre 
of TT : li ^ y is a nontrivial local system of order two, so K = 0. 

Now let i be odd, so only the strata and l^+i contribute to K. 

If J = then the restriction of Aut^ to li+i is isomorphic to Qeldc — i — 1] by Theorem ^ 
because l^+i ^P^""^ is simply-connected. Our assertion follows then from 

St ^ Rr(p2"-i,Q,)[2n - 1](^^) 

If j = 2n then the restriction of Autg to Yi^i is isomorphic to Q,t[dG — i + because Yi^i is 
simply-connected. So, K + da — i]- If < j < 2n then the restriction of Autg to Fj+i 
identifies with Qi[dG — i — 1], because Fj+i '^V' is simply-connected. The contribution of l^+i 
to K is 

RT{V',^,)[dG-i + 2n] 

The restriction of Aut^ to is Q.([dG — i + because any rank one local system of order two 
on 7r-^(F - V) is trivial. So, the contribution of Yi^i to K is KYdV - V ,Qi>)[dG - i + 2n]. 
The distinguished triangle 

RT,{V - V\ Q,) \dG-i + 2n\^K^ Rr(y', Q,) [d^ - i + 2n] 

yields the desired isomorphism. 

s) In the case where K is the fibre of II(^cn Auts), the argument is similar. □ 
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9.2.2 For k,r > denote by k,rT^Q the preimage of ^ Bunc x,. Bunc under p x p' : TLq — > 
Bunc X Bunfj. Similarly, define the stack k^r'^c by the cartesian square 

k,rriG 

i ^ i 

fc Bunc X r Bunc ^ Bunc x Bunc 

The two S'2-coverings over k,r'HQ obtained from kP '■ Cov(fcBunG') k Bun^ and from '■ 
Cov(rBunG') Bunc are canonically isomorphic, namely Lemma [TH implies the following. 

Lemma 15. There is a canonical commutative diagram, where both squares are cartesian 

fcBunc ^ k,r'HQ X B{^2) rBuUG 

i fcP i i rp □ 

fcBunc <^ fc,r^g ^ r-BuUG 

Let U d X X I Buug be the open substack given by H°(X,M(-x)) = 0. As in Lemma [2 
one shows that li is non empty. In general, lA ^ X x \ Bunc. Let lA be the preimage of lA in 
X X 1 Bunc. 

Proposition 18. The first isomorphism of Theorem ^ holds over lA, the second holds over 
X X Q Bunc. 

Proof g) Let Y{IA) be the preimage of lA under supp xp : ^ X x Bunc. Write Yk{U) for 

the preimage of k Bung under Y{IA) ^ Hq Bun^. Then Yo{IA) -^lA (resp., Y2{JJ) -^lA) is a 
fibration with fibre isomorphic to p2n-2 (^j-ggp^^ iq A^"). 

Let Yk{lA) be the preimage of Yk{lA) in Ti-Q- For k = 0,2 the restriction of the local system 
p'*(fcAut) 1^ K*W descends under YkilA) -^lA to a local system, which is canonically identified, 
by Lemma US with Kl 1 Aut. 

By Proposition llZl H(^a, Autg) vanishes over Xxq Bunc, and we denote by K the restriction 
of this complex to lA. By decomposition theorem, K is a. direct sum of (shifted) irreducible 
perverse sheaves. We get an isomorphism 

K^i Aut[dG - 2n + ) e 1 Aut[dG + 2n - ) ® R^(P'"-^ Q^) 

The first assertion follows. 

s) Set V = X X Bung. Let K be the restriction of H(^q,, Aut^) to V = X x Bun^. Let Y{V) 
be the preimage of V under supp xp : TCq X x Buug. Write Yk{V) for the preimage of k Bunc 

under Y{V) ^ Bunc- Then yi(V) ^ V is a fibration with fibre isomorphic to P . 

Let 5^1 (V) be the preimage of i^V) in TCq- By Lemma \TE\ the *-restriction of p'*(iAut) ^ 
K*W descends under Y'i(V) — > V to a local system canonically identified with Qi M Aut. By 
decomposition theorem, one gets an isomorphism 

K^o Aut Rr(p2"-i, Q,)[dG + 2n]{^^±^) 
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We are done. □ 

By decomposition theorem, H(^a,Aut) is a direct sum of (shifted) irreducible perverse 
sheaves. Proposition 1181 imoUes that St[l](^) Kl Aut appears in it as a direct summand. But 
according to Proposition 1171 all the fibres of H(^a, Aut) and of St[l](^) Kl Aut are isomorphic. 
This concludes the proof of Theorem |3 



Appendix A. 

A.l For the convenience of the reader we collect here some generalities on group actions. 

Let f : y ^ Z he a morphism of stacks, G ^ Z he a group scheme over Z. Write mo for the 
product in G and 1g ■ Z ^ G for the unit section. Following [H], an action of G on 3^ over Z is 
the data of a 1-morphism m : G x zy ^ y over Z , a 2-morphism fi : mo {mQ x id) =^ m o (id x m) 
making the following diagram 2-commutative 

GxzGxzy "^'^ Gxzy 

J, id X m \, Tn 

Gxzy ^ y, 

and a 2-morphism e : m o [Iq ^ idy) — > idy. They should satify two axioms: an associativity 
condition with respect to any 3 objects in G (cf. diagram (6.1.3) in loc.cit.); e is compatible with 
fi (cf. diagrams (6.1.4) in loc.cit.). The fact that m is a 2^-morphism means that the diagram 

Gxzy ^ y 

I P^2 if 

y z 

is 2-commutative. 

For a line bundle L on 3^ we have a notion of G-equivariant structure on L (cf. jl4j . Defini- 
tion 2.8). A version of this notion for an ^-adic complex is as follows. 

Definition 7. A G-equivariant structure on K £ D(3^) is an isomorphism A : m*K^ pi^2-^ 
such that two diagrams commute 

(mo X idy)* m* K A (m^ x id^;)* pr2 

(idc xm)*m*i^ A (idc xm)* pr2 = pr23 m*i^ 

and 

(1g X [dyym*K 

i A \. 
{lGXidy)*pT*K = K, 

where prg : G xzy ^ y and pr23 : GxzGxzy^Gxzy are the projections. 
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A. 2 Let f : y ^ Z he a representable morphism of algebraic stacks, G ^ Z he a group scheme 
over Z acting on y over Z. By definition, 3^ is a G-torsor over Z if, locally in fiat topology of 
Z, y is isomorphic to G over Z as a G-scheme. 

Assume that Z is locally of finite type. The notion of a perverse sheaf localizes in the smooth 
topology, so we have a notion of a perverse sheaf on Z. For the same reason, if G ^ 2^ is of 
finite type and smooth of relative dimension d then the functor K i-^ f*K[d] is an equivalence of 
the category of perverse sheaves P{Z) on Z with the category of G-equivariant perverse sheaves 

Paiy) on y. 

A. 3 Let ^ be a line bundle on a scheme S. Let S ^ S denote the //2-gerbe of square roots of A 
(cf. 3.3.1). Since /X2 acts on S by 2-automorphisms of the identity id : S ^ S, fi2 acts on any 
K G D(/S). Write tt : S — 5 for the structural morphism. 

Lemma 16. 1 ) The functor tt* is an equivalence of the category of perverse sheaves on S with 
the category of those perverse sheaves on S on which /X2 acts trivially. 

2) The functor vr* : D{S) — >■ D{S) is fully faithful, its image D^{S) is a full triangulated 

subcategory of D{S). 

3) For K G D{S) the following are equivalent 

i) — 1 G /X2 acts as —1 on each cohomology sheaf of K 

ii) Tr\K = 
Hi) TT^^K = 0. 

Let D-{S) C D{S) be the full triangulated subcategory of objects satisfying these conditions. 

4) For any K± G D±{S) we have Hom^^^^(ii'+, = and Hom^|.^-|(i^_, = 0. For 
K G D{S) there exist K± G D±{S) such that K^K+®K^. 

Proof la) In the case A = Og consider the presentation i : S ^ B{S/ijl2). The functor i* 
identifies the category of perverse sheaves on B{S/iJ.2) with the category of perverse sheaves on 
S equipped with an action of the group fi2iS). 
lb) In general we have a carthesian square 

S ^ S 

SxBifi2) ^ S, 

where h sends a T-point (B, Bq, B'^^A \t Bq^Ot) to B (^Bq for any S'-scheme T. 

If F is a perverse sheaf on S on which ^2 acts trivially, then ^2 x acts trivially on h*F. By 
la) we then get an isomorphism h*F^pT* F satisfying the usual cocycle condition. So, there 
is an isomorphism F^Tr*H for some perverse sheaf H on S. 

2) The map tt is smooth of relative dimension zero, and ttiQ^^Q^. It follows formally that tt* 
is fully faithful. 
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3) The functors tti and ir^: are exact with respect to the usual t-structure. So, iriK = iS 
■K\{H'^{K)) = for each i. The latter is equivalent to requiring that —1 acts nontrivially on 
W{K) for each i. Similarly for tt^,. 

4) Given K_ G D^{S) and K+^7r*L G D+{S) we have 

Rom{K^,K+)^ Hom(i^_,7r'L)^ Hom(7r!if_,L) = 

and 

Hom(K+,iv:_)^ Hom(7r*L;i<:_)^ Hom(L,7r,i^_) = 

We claim that for each K £ D{S) the adjointness map tt^tt*'it^:K — > it^:K is an isomorphism. 
Since our derived categories are bounded, by devissage we may assume that K is placed in 
cohomological dimension zero. Then K^Kq © Ki, where —1 acts on Kq (resp., on Ki) as 1 
(resp., as -1). Clearly, tt*tt^Kq^ Kq and ir^Ki = 0, so 7r^:TT*TT^K'^ ir^K . 

For K S D(S) let K- be a cone of the adjointness map 7r*7r*i^ K then TT-tK- = 0. The 
triangle tt*tt^,K —^K—^ K_ splits, because Hom(/C_, 7r*7r*i^[l]) = 0. □ 

Let G be an algebraic group acting on S, assume that A is equipped with a G-equivariant 
structure. Then G acts on 5, and the projection S* — > 5 is G-equivariant. 

The stack S is equipped with the universal line bundle Bu together with B"^^ A |^. One 
checks that Bu is G-equi variant. 

Let G act on the trivial gerbe S x B(fi2) as the product of the action of G on with the 
trivial action on B{^2)- The following lemma is straightforward. 

Lemma 17. Let B he a G-equivariant line bundle on S equipped with a G-equivariant isomor- 
phism B^^ A. Then B yields a G-equivariant trivialization S ^ S x B{fi2)- D 

A. 4 Let 5 be a normal variety with a Gm-action, ^ be a Gm-equivariant line bundle on S. Write 
S ^ S for the gerbe of square roots of A. Let 5o C 5 be the variety of fixed points. For a 
connected component G of So set 

5+(G) = {s e S llimts e C} and 

S- = {seS \ lim ts G G} 

Let (resp., S~) denote the disjoint union of 5+(G) (resp., of 5~(G)) indexed by the con- 
nected components of Sq. Write (resp., S~,So) for the restriction of the gerbe S ^ S" to 
the corresponding scheme. Let : S^o — > and : —i- S denote the corresponding 
(representable) maps. Following 0, define hyperbolic localization functors 0(5*) 0(50) by 

The following generalization of Theorem 1 from loc.cit. is straightforward. 
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Proposition 19. There is a natural map is '■ K*- K * functorial in K £ D{S). As sume that 
there is a covering of S by open Gm-invariant subschemes Ui and Gm-invariant trivializations 
'■ ^\Ut \ui- Then for Gm-^quivariant K G 0(5) the map is is an isomorphism. 

Proof The map is constructed as in {loc.cit, Sect. 2). Let Ui denote the restriction of S to f/j. It 
suffices to show the desired map is an isomorphism over Ui for any perverse sheaf K G P{S). The 
triviaUzation induces Gr^-equivariant section Ui — > Ui of the gerbe Ui ^ Ui. One concludes 
applying Theorem 1 from loc.cit. for K \u^. □ 

Assume in addition that there is a Gm-equivariant section S*"*" of the gerbe S*"*". 

Let h+ : S+ ^ So be the map sending s to \iYD.i^Qts. Then for any 

equi variant object 

K G D(5) we have K-*^(h+ x idyXg+fK canonically. Here /i+ x id : 5+^5+ x B{n2) ^ 
x B{^l2) = So. 



Appendix B. Weil representation and the sheaf Sm 

B.l Let k = ¥q he a finite field with q odd. Let M be a symplcctic space over k of dimension 
2d. The sheaf Sm introduced in Sect. 4.4 has its origin in the Weil representation, this is what 
we are going to explain. 

Consider the Heisenberg group H{M) = M (B k with operation 

(m, a){m' , a') = (m + m' , a + a' + 2 ("^' m')) 

Fix an additive character ip : k ^ Q"^. There exists a unique up to isomorphism irreducible 
representation of H{M) over with central character ijj. Let {p, S^) be such representation. 
It yields an exact sequence 

l-^Q}^G^G^l (37) 

with G = §p(M). Here 

G = {g, M[g]) \geG, M\ci] G Aut S^, p{gm, a) o M[g] = M\ci] o p{m, a)} 

Let jC{M) denote the variety of Lagrangian subspaces of M. For L G C{M) let xl : L®k ^ 
Q| send {I, a) to i>{a). Set 

Sl,^ = Indf^t"^ XL = {f: H{M) ^ Qe \ f{xh) = XL{x)f{h) for x G L fe} 

For each L G C{M) there is a pair {vl E S^,fL £ S^) which is (L © k, XL)-inivariant. Normalize 
it by fLivh) = 1, so any such pair is {ovl, fi) with a G Q^. Specifying such pair is equivalent 
to specifying an isomorphism of if(M)-modules S^ ^ ^L,ij such that the image of fi becomes 
the evaluation at zero fL,st ^ i^Lip (resp., vl becomes the function VL,st '■ H{M) — supported 
at L A; with VL,stiO) = 1). 
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Let Pl C G he the Seigel parabolic subgroup preserving L. Restricting (|H7|) we get an exact 
sequence 

The action of Pl on Qefi yields a character P^ — > Q| that splits this sequence (the group P^ 
acts on QeVL by the opposite character). 

The finite- dimensional theta-function is 6l '■ Pl\G/Pl Qf given by 6L{g) = fhigvL)-, it 
does not depend on the choice of the pair {vl-, fi)- 

B.2 Let Li,L2 G C{M). For / G Sli,iP and z £ L2 (B k the function f {zh)xL^{z) depends only 
on the image of z in L2, so we may set 

{FL,MU)){h)= [ f{zh)xll{z)dz, 



where dz is the Haar measure on L2 such that the volume of a point is one. Then F^^^l^ : 
Sli,-4>-^ Sl2,-4> isomorphism of H{M)-modn\es. 

One checks that -Fl2,Li o Fl^m ^ Aut(S'Li,^) is the multiplication by qd+d\MLir\L2) ^ 

Definition 8. For Li, L2, F G C{M) with V r\ U = ^ define 6'(Li, L2, V) G Q| by 

Fl^M ° FvM ° = 0{Li,L2, V) 

We have Li = {(6n + u) \ u £ L2} for uniquely defined b : L2 ^ V . The symplectic form on 
M yields L2^V*, so 6 becomes an element of Sym^ V. From definitions it follows that 

9{LuL2,V)=q'' [ i^ihbv*,v*))dv\ (38) 
Jv* ^ 

where dv* is the Haar measure on V* such that the volume of a point is one. 

Denote by 3^(fc) the set of isomorphism classes of collections -^1,-^2 G £(M), a one-dimensinal 
space B together with ;B®^^(detLi) ® (detL2). So, yik) is a two-sheeted covering of the set 
y(k) of G-orbits on £(M) x £(M). Remind that 3'(A;) contains d + 1 element. 

Given a triple Li,L2,y G £(M) with Lj n F = 0, the form on M yields isomorphisms 
Li^y*^L2. So, {Li,L2,13 = dety*) is a point of y{k). Now Proposition [HI implies that 
0(Li, L2, F) depends only on the image of (Li, L2, V) in 3^(fc), so defining a function 

^ : 3>(A:) ^ 

which is (up to a constant) the trace of Frobenius of the sheaf Sm- It is well-known that for 
{Li,L2,B) G y{k) with i = dim(Li Pl L2) one gets 
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where ( — r 



1, if - 1 G A;2 
- 1 , otherwise 
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B.3 Remind that we fixed a square root of q in Qi (cf. 3.1). For Li,L2 £ C{M) set 

Tlie following is a version of the Maslov index (cf. ^S], appendix to chapter 1). 
Definition 9. For Li,L2,L^ G C{M) define 7(^1, ^2,^3) G by 

Here are its immediate properties (cf. also loc.cit.). 

Proposition 20. 1) 7(^1,^2,^3) = 7(Li, L3, L2)~^ = 7(L2, -^^i, -^^3)"^- 

2) l{gLi,gL2,gL^) = 7(Li,L2,L3) for g G G. 

3) If Li,L2,L3,L4 G C{M) then 

7(Li,L2,L3)7(Li,L4,L2) = 7(L3, L4, L2)7(Li, L4, L3) □ 

This implies that the function (51,52) ^ liL, diL, gig2L) is a 2-cocycle of G. This is the 
cocycle defining the extension (|37|) . In our case of finite field k this extension splits ( jTHl , chapter 
2, II.l). 
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